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Introduction

We present, in this thesis, new results on the variation of Galois representations in p-adic
families of automorphic representations. As an application of our main result, we obtain new
smoothness results for such families. The theme we wish to emphasize is the confluence between
analytic variation and infinitesimal deformations of Galois representations. Both themes have been
exploited to resolve central conjectures in algebraic number theory such as: the Iwasawa main
conjecture (for totally really fields and GLg), Fermat’s Last Theorem and the two-dimensional
Fontaine-Mazur conjecture.

Background and history

In order to do justice the circle of ideas we are exploring, we humbly give a brief, and personal,
recollection of the history and influences of the work contained herein.

p-adic families of modular forms from Serre to Coleman-Mazur. The genesis of modu-
lar forms in p-adic families parameterized by their weight goes back to the work of Serre [58] wherein
the p-adic family of Eisenstein series was explained. Serre’s families arose as formal g-expansions
whose coefficients are p-adic limits of the coefficients of g-expansions associated to classical modu-
lar forms. A geometric construction of p-adic modular forms was given at the same time by Katz
[39]. The arithmetic application, hinted at in Serre’s original article, was that congruences between
modular forms (required to build a p-adic family) can detect, and are explained by, congruences
between special values of L-functions.

This tradition has been expanded upon greatly beginning with the early work of Hida [37]—the
main difference between Hida’s work and his predecessors is that he began focusing on congruences
between (ordinary) eigenforms, rather than all modular forms. By the work of Eichler, Shimura
and Deligne [25], [59), [24], one can associate a p-adic Galois representation ps : Gq — GLQ(QP)
to each eigenform f of weight k > 2. Here Gq := Gal(Q/Q) is the absolute Galois group of Q.
Thus, Hida’s theory of p-adic families of ordinary eigenforms also gives rise to the construction [38]
of what we now would understand to be a p-adic family of Galois representations. One important
feature of ordinary eigenforms is that although the associated linear representations py are often
irreducible, Wiles showed [64] that they become reducible upon restricting to a decomposition
group at p. More specifically, if we denote by py, the restriction to Gq, then py, contains a
one-dimensional subrepresentation on which the inertia group acts through a finite quotient. Such
Galois representations are called ordinary. In fact, Mazur and Wiles [50] also explained that the
“big” representations Hida constructed have this property over an entire p-adic family. That is,
when you p-adically interpolate ordinary eigenforms you obtain a p-adic family of ordinary Galois
representations.

In the seminal work [48], Mazur sought to develop an a priori framework in which one could
discuss (infinitesmial) families of Galois representations. A reminder of Mazur’s theory will occur
in Chapter One of the most striking results was the first example of an “R = T” theorem.
Loosely speaking, Mazur defined and studied a certain ring R which parameterized “ordinary
deformations” of the mod p representation p; : Gq — GL,(F,). He then showed that all such
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deformations occur in a Hida family containing the given form f. A key ingredient is necessarily the
result of Mazur-Wiles discussed above—this forms the T-side of the picture. The other ingredient
is precise calculations (of a group cohomological nature) inside the deformation ring R. It bears
mentioning that further “R = T” results were also at the heart of the proof of Fermat’s Last
Theorem [65], 62].

The extension of Hida’s theory to non-ordinary cuspforms was an important goal in algebraic
number theory during the final decade of the 20th century. The hint that such a theory existed was
already present in Mazur’s deformation theory and the work of Gouvéa and Mazur [31]. Ultimately,
it was Coleman’s development [22] of the spectral theory of compact operators acting on p-adic
Banach spaces (Gouvéa’s thesis [32] also contains early versions of these ideas) which proved
to be the key technological input. In the fundamental work [20], Coleman and Mazur applied
Coleman’s theory to Katz’s spaces of p-adic modular forms and constructed what we now know
as an eigencurve. If we fix an integer N with (N, p) = 1 then the eigencurve of tame level N is a
rigid analytic curve parameterizing what are known as finite slope overconvergent eigenforms—the
p-adic interpolation of classical eigenforms on I'1 (V) N Ty(p). Strictly speaking, by eigenform here
we mean an eigenvector for Hecke operators T, with £ 1 Np and the Atkin-Lehner Up-operator. We
have as well that the eigencurve comes equipped with a family of Galois representations obtained
by interpolating the representations py. It is natural to wonder if there is a result analogous to
Mazur-Wiles for arbitrary points of the eigencurve. Notice that if f is an eigenform which is not
ordinary at p then the representation py, is irreducible. Thus, any property of pf, we hope to
interpolate over an eigencurve must be hidden deeper within the structure of py .

Kisin’s lemma and trianguline representations. We now recall Kisin’s analog to Mazur-
Wiles. We fix an integer N with (N, p) = 1 and denote by X the eigencurve of tame level N. Let
f =2 an(f)q" be an eigenform of level I'y (), weight £ > 2 and nebentypus ;. Then, there are
two points xf, and x5 on X, one for each root of the polynomial

(0.1) T2 — ap(H)T +p"'ep(p) = (T = a)(T - B).

Moreover, we have that Ty(xq) = Ty(x3) = a¢(f) and Up(xs,) = r for r = a, 3. The interpolation

of the Galois representations on X is specified at these points by setting py, , = py =t pz; 5. Next,
by work of Saito [56] one has that Djris(pz f’T)V’:T # 0 for either root r = «, 3. Here, Dcs is
Fontaine’s crystalline functor in p-adic Hodge theory and the +-superscript refers to the non-
negative part of the Hodge filtration.

Kisin’s major coup [43] was that the same is true at any point on the eigencurve: if p, is the

Galois representation at a point x on the eigencurve then
(0.2) Dt (pep) =@ £ 0.

This vastly generalizes the result of Mazur-Wiles (that result is obtained by considering the unit
root of an ordinary eigenform). As an application, Kisin was also able to deduce that the “geo-
metric condition” of the Fontaine-Mazur conjecture [30] is enough to distinguish (most) classical
eigenforms from non-classical ones on the eigencurve. He further showed that a certain universal
deformation ring of Galois representations is the same as the (completed) local ring on the eigen-

curve. The missing casesﬂ alluded to occur at classical points x 7 g where f is ordinary, v,(5) = k—1
k—1
and f = (q%) g for some overconvergent eigenform ¢ of weight 2 — k.
In order to study the higher-dimensional families of Galois representations we will make use of
Colmez’s fundamental notion of trianguline representations [23]. To explain this, we recall that

1The deformation-theoretic situation at these points have since been explained by Bellaiche [3] (see the precursor
[4] as well).



attached to any p-adic Galois representation p, of Gq, one can associate a (¢, I")-module Diig(pp)
over the Robba ring (these terms will be explained in Chapter . For now, it suffices to say that a
(¢, T')-module is a finite free module over a certain commutative ring with semi-linear actions of an
operator ¢ and a group I'. Some, but not all, (¢, I')-modules are of the form D;ig(pp). Nevertheless,
many of the tools we use to study Galois representations (p-adic Hodge theory, Galois cohomology,
etc.) extend to the category of (¢, I')-modules.

We say that a (¢, I')-module is trianguline if it is upper triangular with respect to the operator
¢ and the group of operators I'. A representation p, is a trianguline representation if Diig(pp)
trianguline; the choice of a filtration making it upper triangular is called a triangulation. Note,
any crystalline representation is trianguline (in many different ways). In these terms, Kisin’s result
is rephrased by saying that the representations on the eigencurve are all trianguline. That is,
for each z on the eigencurve X there is a rank one (¢, I')-module L, C D;ig(ps,p). Moreover then,
his deformation-theoretic result says that L, varies analytically with x away from a discrete set.
Specifically, we mean away from points x;g where f is ordinary of weight k, v,(3) = k — 1 and
f= (qa%‘;)”“*1 g for an overconvergent eigenform g of weight 2 — k. Such points are known as critical
points and their higher-dimensional analogues are the main objects of this thesis.

Statement of results and methods

The higher-dimensional analogs of the eigencurve are known as eigenvarieties—they are ob-
tained as spaces of p-adic automorphic forms for a connected reductive group G. The applications
in Chapter [5| will occur in the case of definite unitary groups attached to an imaginary quadratic
extension £/Q such that such that G(Q,) = GL,(Q,). In particular, we assume that p splits in
E. Let us fix such a group (and quadratic extension) for concreteness.

Historically, there are multiple creators of eigenvarieties in this context. For example, Chenevier
[15] and Loeffler [47] have each provided a construction using Buzzard’s eigenvariety machine
[12]. On the other hand, a different, more general, construction is given by Emerton [26] using
completed cohomology. The common theme is that one considers a fixed class of regular, algebraic
automorphic representations for GG and their systems of eigenvalues for an associated Hecke algebra.
An eigenvariety is then obtained by p-adically interpolating the eigenvalues at these “classical
points”. The resulting rigid analytic space (which should be equidimensional of dimension n) is
independent of its creator and we refer to any of them as an eigenvariety. We will intentionally stay
vague for the rest of the introduction as to what class of representations one considers—it suffices
for now to say that we will consider representations 7 such that m, is an unramified representation
of GL,(Qp).

FEigenvarieties also come equipped with a natural family of Galois representations. Indeed,
by the work of many people we now know how to attach a Galois representation pr : Ggs —
GL, (Qp) to any algebraic automorphic representation m for G. Here, S is a finite set of places of
FE depending only on G and the class of representations we are interpolating. The interpolation
of these representations over the eigenvariety provide us with a rich example of a p-adic family of
Galois representations. The questions which this thesis seeks to answer are:

(Q1) What is the analog of the results of Mazur-Wiles and Kisin?
(Q2) Are the local rings on eigenvarieties also naturally deformation rings for Galois representa-
tions?

Previous work. The answers to the questions ( and ( have been given by Bellaiche-
Chenevier [5] in a generic situation on eigenvarieties. The representations p, are crystalline at
p (because m, is unramified) and thus have a triangulation. Moreover, the classical points on
eigenvarieties actually correspond to pairs (7, P) where 7 is an automorphic representation for G
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and P is a triangulation of p, ,—this is the analog of choosing a root of in the case of modular
forms. Thus, though we expect pr, has many triangulations, there is a canonical triangulation at
each corresponding point on an eigenvariety.

Fix a point (7, P) and consider the representation py,. By definition, P defines a filtration

(0.3) 0CPhC--CP1C P = Drig(Pmp)

where each P; is a (¢, I')-submodule of rank i and the quotients are all (¢, I')-modules as well. We
attach to this triangulation an ordered list of integers (si,...,sy,) by specifying that the Hodge-
Tate weights of P; be {s1,...,s;}. Then, we say that P is a non-critical triangulation of pr , if the
sequence ($1,...,S,) of weights is strictly increasing. This is a Zariski open and dense condition
within the space of all classical points (7, P) on an eigenvariety. The answers given by Bellaiche-
Chenevier over the non-critical locus are:

(QL) The triangulations extend to formal neighborhoods around non-critical points.
( Under some techincal hypothesis, the local rings on “minimal eigenvarieties” parameterize
deformations of the global representations p, which are:

e conjugate self-dual (an Archimedean condition),

e unramified away from p (in the sense of Bloch-Kato), and

e trianguline at p.

Here, an infinitesimal deformation of p, is called trianguline if it has a triangulation deforming the
given one (0.3]). We will discuss what we mean by “minimal” below, following Theorem B. We will
give, as well, some remarks on their work when we compare and contrast our methods below.

The results of this thesis. For simple reasons (e.g. coming from Sen’s theory in p-adic
families) one knows that neither answer given by Bellaiche-Chenevier can be correct at critical
points. Instead, we have to relax our expectations about which pieces of the triangulation we
expect to analytically continue in formal neighborhoods of points. Assume that p,;, has Hodge-
Tate weights k1 < --- < kp. Let us call a step P; in non-critical if we have {s1,...,s;} =
{k1,...,k;}. We then can consider the filtration

(0.4) 0CPh, C---CF, ,CF, = Drig(pﬂ,p)

where P;; appears if and only if P;; is non-critical. Following Chenevier’s terminology in [16], we
call such a filtration a parabolization. The main techincal result of this thesis, and our answer to
(, is the following theorem. The theorem can be found in the text as Theorem there are
more precise hypotheses listed there as well.

THEOREM A. Suppose that (m, P) is a classical point on an eigenvariety and pr is irreducible.
Then, the parabolization (0.4]) analytically continues in an affinoid neighborhood of the point (m, P).

Notice that our result is valid over entire affinoid neighborhoods rather than just finite thick-
enings. Thus, even at non-critical points (where is the same as ) we have strengthened
the results of Bellaiche-Chenevier and Kisin, at least in the case that the global representation p,
be irreducible.

Our answer to the question ( requires slightly more explanation than ( We denote by
p an infinitesmial deformation of pr ,. We say that p is a paraboline deformation with respect to a
parabolization if there is a parabolization of Dyig(p) deforming the given one. One should note
that this is not necessarily even a condition on p. Indeed, it can happen that the ordering (s, ..., sp)
of the weights associated to the triangulation is given by by s1 = kn, 52 = kp—1,...,8, = k1. In
that case the parabolization is just the trivial parabolization and thus, to ask for a paraboline
deformation is the same as to ask for a deformation.
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We remedy the possible lack of content by passing further into the theory of (¢, I')-modules.
Suppose that D is any crystalline (¢, I')-module and we fix a triangulation

(0.5) 0CPACPRC - CP=D

of D. Since being crystalline is stable under subquotient, each P; is crystalline. We denote by
(s1,-..,5t) the ordering of the Hodge-Tate weights of D determined by the triangulation and
by ¢; the crystalline eigenvalue of the rank one crystalline (¢, I')-module P;/P;_;. For reasons made
clear in the text, we make a re-normalization and denote F; = p~%i¢;. It is easy to see that for
each i =1,...,t one has that
D+

cris

(ND(s1 + ...+ 8;))P=F1Fi £ (0).

Now we consider a deformation D of D. For each i =1,...,t we denote by s; the Hodge-Tate-Sen
weight of D which deforms s;. We then say that D is a Kisin-type deformation with respect to

(0.5) provided for each i = 1,... ¢ the module Dj;is(/\iﬁ(ﬁsvl 4o+ 38;))9=F1Fi s free of rank one
for some choice of elements F; deforming the Fj.
Return now to the linear representation pr,. We consider all deformations p of pr ) such that

the following hold.
e The deformation p is paraboline with respect to the parabolization (0.4]). We denote by

0C P CPC...C P = Dyg(p)

the deformation of the parabolization.
e Each of the (¢,I')-modules P;/P;_1 is a Kisin-type deformation of P, /FP;,_, with respect
to the induced triangulation coming from (0.3)).
Such a deformation p we coin as a Kisin-type paraboline deformation. It is not too hard to see that
paraboline deformations of Kisin-type form a relatively representable subfunctor of all deformations
of prp. The Kisin-type paraboline deformation conditions leads to our answer of (Q)2]).

Recall that we have fixed 7 and a corresponding point (7, P) on an eigenvariety. We have as
well the linear representation p,. Assume that p, is irreducible—this guarantees a satisfactory
deformation theory. We denote by R, p the universal deformation ring of p, parameterizing
deformations p which are

e conjugate self-dual (again, an Archimedean condition)

e unramified away from p (in the sense of Bloch-Kato), and

® pp = ﬁ‘ Ga, is a Kisin-type paraobline deformation of pr ;.
The ring R, p is a complete local noetherian ring and we denote by tr, , its Zariski tangent
space. We denote as well the completion of the rigid local ring at the point (w, P) by @Ef P) and
tr p) the Zariski tangent space at (m, P).

THEOREM B. Assume that the eigenvariety is “minimal” for w. Then, one has a natural
surjection

(0.6) Ry p— Oz;g,p)
and an inequality n <tz py <tg, .

The term minimal here refers to issues away from p but inside the set of places where p, could
ramify. In the case of the eigencurve, if f is a newform at level NV then the tame level N eigencurve
would be minimal for f. The inequalities at the end of Theorem B are formal from . The case

where we can show that each inequality is an equality is the following and gives a complete answer
to (Q2).

11



THEOREM C. Assume that pr is irreducible and that (w,P) denotes a point on a minimal
eigenvariety for w. Assume, as well, that

o Hi(Gps,adpr) = (0), and
e the Kisin-type deformation problems on the associated gradeds of the parabolization ((0.4)
satisfy a hypothesis (3.15]).

Then, the map s an isomorphism and @E;_gp) is a reqular local ring of dimension n.

Let us remark quickly on the two hypotheses. First, H} is the “fine” Bloch-Kato Selmer group
defined in [10]. This particular vanishing is a techincal hypothesis which can be shown in many
cases. Moreover, it is conjectured to always to be true. The second hypothesis, on the other hand,
should be treated (at this point of our knowledge) as being due to limitations in our ability to
compute Kisin-type deformation rings with respect to fully critical triangulations. For example, it
is shown in that the second hypothesis is satisfied if each graded in has rank at most
two. In particular, this gives completely new results at many critical points. It includes, as well,
the answer to (Qf2) at non-critical points given in [5].

Methods. The main place where we have developed new methods is in the proof of Theorem
A, but let us first explain how to deduce the final two results given Theorem A.

In order to deduce Theorem B from Theorem A we follow closely the ideas of Mazur and
Kisin (in the case of modular forms) and Bellaiche-Chenevier in general. The hypothesis that p,
be irreducible first guarantees the existence of the deformation ring R, p. Furthermore, it also

implies that one has a deformation pr : Gg g — GLn(@Ef’ P)) of the representation p, (this is a

result of Rouquier and Nyssen). Thus, to show that we have a map we need to show that
pr has the three properties which define R, p. It is not hard to see that p, must be conjugate
self-dual because it is true at every classical point. The deformation conditions away from p are
valid for p, as we work on a minimal eigenvariety for = and because of recent advances in local-
global compatibility for the representation p,. Finally, pr, is a Kisin-type paraboline deformation
because of Theorem A. Thus we earn a map and the construction of the eigenvariety implies
easily that the map is surjective. We have already remarked that the inequalities are formal.

Now, once we have Theorem B in hand we see that in order to deduce the result of Theorem
C we must show that dimtg, , <mn. The hypothesis on H} and the deformation conditions away
from p imply that there is an inclusion

(07) tRpTr,P — tRpﬂ—yp,P/H}(GQZN a'd pﬂ':p)'

Here, tr, P is the Zariski tangent space for the deformations of p,;, which are Kisin-type parabo-
line deformations. This insight is really due to Bellaiche-Chenevier. The goal now is to make a
Galois cohomology calculation and show that the quotient on the right hand side is at most n-
dimensional. The paraboline part of the calculation is easy and conceptual. The Kisin-type part,
while not hard, is “by hand”. The second hypothesis in Theorem C reflects all the cases where we
have carried out this computation. Notice that in the non-critical case, there are no “by hand”
calculations.

It remains to explain how we deduce Theorem A. Here the story diverges quite a bit from
previous work. The first step is to construct a (¢,I')-module D over an affinoid neighobrhood
near a point (m, P). For this, we first use that p, is irreducible to extend the representation to an
affinoid neighborhood and then we take the associated (¢, I')-module (constructed in this generality
by Kedlaya and Liu).

In order to construct parabolizations of D we must first understand possible candidates for
the terms of the parabolization over the family—among the terms of , only the entire module
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a priori extends to an affinoid neighborhood. The second issue is the actual construction of the
parabolizations. Both issues are almost taken care of by the construction of the eigenvariety. Indeed,
the construction tells us exactly what the associated gradeds of an affinoid-local triangulation
should be in the case of a non-critical point. Thus, we could try to construct a triangulation over
the entire base by repeatedly attempting to construct rank one submodules of quotients of D.
In carrying out the process, we make use of recent results of Kedlaya, Pottharst and Xiao [41]
on the Galois cohomology of (¢, I')-modules over affinoid bases. Using their results, we erect a
standard cohomology and base change archetype from which we can deduce the existence of maps
between (¢, I')-modules over affinoid bases from pointwise information on a Zariski dense set. The
pointwise information is given, in turn, by studying the Galois cohomology of (¢, T')-modules over
a field [23], 46].

This method works perfectly at a non-critical point. There, we inductively construct rank one
submodules of quotients of D. At each step, the quotient we construct remains projective and
we happily continue on with the induction. However, it is seen to break down at a critical point.
Indeed, even after the first step, one notices that the quotients being constructed need not be
projective anymore and thus we have left the world of (¢, I')-modules. Nevertheless, we carry on
the process working instead with generalized (p,T')-modules over affinoid bases. Since the main
result of Kedlaya-Pottharst-Xiao extends to this larger class of objects and we can still use it to
construct filtrations inside these new modules. The rest of the game is then to determine when
the generalized (¢, I")-modules one obtains are bona fide (¢, I')-modules. We show that it happens
exactly at the non-critical steps in the process. Just as in the non-critical case, Galois cohomology
plays a key role here.

Organization

This thesis is arranged in five chapters. The proofs of the three theorems mentioned can be
found in Chapters [4] and

The first chapter describes input needed from rigid geometry. This includes the construction of
the Robba ring over an affinoid base and the definition of (generalized) (¢, I")-modules. We have
been greatly inspired in this regard by [41, Chapter 2].

The second chapter covers the arithmetic theory of (¢, I')-modules. Our first task is to remind
the reader of the dictionary between Galois representations and (¢, I')-modules. We include here
the extension of p-adic Hodge theory from Galois representations to (¢, I')-modules. A significant
amount of time is devoted to the main theorems on the Galois cohomology of (¢, I')-modules over
a field given by [23], 46]. Finally, we develop the formalism of parabolizations of (p,I')-modules
following Chenevier [16, §3].

The third chapter represents our attempt to expose the deformation theory of (¢, I')-modules.
The results here are formally similar to those of linear representations and so we move quickly in
some places. We do pause and compute the Zariski tangent spaces of many deformation functors.
These include the Bloch-Kato Selmer groups and paraboline deformation functors to be sure. We
also give precise meaning to the deformation problems at p discussed in this introduction. The
chapter ends with some calculations of Kisin-type deformation rings in the fully critical case, which
we recall is the bottleneck in the applicability of Theorem C.

The fourth chapter is the technical heart of this work. It includes the extension mentioned in
the previous section of [41] to generalized (¢, I')-modules as well as the proof of Theorem A. Here
we work within the the framework of “refined families of (i, I')-modules”. There is some time spent,
though not a lot, explaining their basic properties and what one can deduce from the definitions.
Moving on, we prove Theorem A in three different levels of generality—the non-critical case, the
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“minimally critical case” and the general case. We hope that the reader daunted by the explosion
of indices in the final proof will find peace in the first two.

This brings us to the final chapter. We first orient ourselves with an exposition of eigenvarieties.
We do not include the construction but we do provide a leisurely explanation of the interaction
between automorphic data and Galois representations. Here, as well, we go to great lengths to make
sure we have the most up-to-date references on the construction of Galois representations attached
to automorphic representations for definite unitary groups. With the definition and properties
of eigenvarieties finished, we move on to stating and proving the two theorems Theorem B and
Theorem C. Most of this time is spent explaining how the results of Chapter |4 can be applied to
the eigenvariety formalism we develop, i.e. why eigenvarieties define refined families.

Notations and conventions
Throughout, we consider primes ¢ and p (possibly the same). We choose now and forever

isomorphisms ¢, : Q — Qp and 1o : Q — C.

The adeles. We use v to denote (possibly infinite) places of a number field. The adeles (over
Q) are the restricted direct product
A=]]'Q

with respect to the open subgroups Z, C Q, at finite primes ¢. We denote by
Ar=]T'Q.
vfoo

the finite adeles

(-adic fields. By an f-adic field we will always mean a finite extension of the field Q, of /-
adic numbers. If E is a f-adic field then we will always normalize the f-adic valuation so that

Galois groups. If E is a field and E®P is the choice of a separable closure for E then we let
Gp := Gal(E®*P/FE). This is a profinite group, an open system of neighborhoods of the identity
being given by {G g/} where E'/FE is a finite extension.

In the case that E/Qy is an f-adic field, we have a short exact sequence

1—-Ig—>Gg—G,—1

where k is the residue field of E and [g is the inertia subgroup of Gg. Since k is a finite field, we
have that G = Z, topologically generated by the automorphism o(z) = z#*. The Weil group of
FE is the subgroup Wg of Gg mapping to the integer powers of o, i.e. W fits into the diagram

1 IE WE O'Z 1
1 Ig GEg Gy, 1

The top short exact sequence defines a topology on W (different than the induced topology from

Gp). We use Frob € Wg to denote lifts of the geometric Frobenius o 1.
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Galois representations. Suppose that F is a field and L a topological field. Then, a Galois
representation of Gg over L is a continuous homomorphism p : Gg — GL,,(L). The special cases
we will use are E is either a number field or an ¢-adic field and L a p-adic field (possibly with

?=p).
Suppose that E is any one of these fields. Choose a compatible system {(p»}, of primitive

(X'n,cycl (g)

roots of unity in E. Then G acts on each root of unity by g((n) = s for some xp cyel(9) €

(Z/p"Z)*. Taking n — oo we obtain the p-adic cyclotomic character
Xcyel * Gg — Z;-

If p is a p-adic representation then we use the notation p(n) to denote the representation p®q, Xeyel*

p-adic Hodge theory. In the case that E and L are both p-adic fields use the standard
functors of p-adic Hodge theory Dgsen, Dgr, etc. giving rise to representations which are Hodge-
Tate, de Rham, etc. We adopt the convention that x.y has Hodge-Tate weight -1.

Weil-Deligne representations. Let E be an f-adic field. An n-dimensional Weil-Deligne
representation is a pair (r, N) where

e r: W — GL,(C) is a continuous n-dimensional representation,
e N € My(C) is a nilpotent matrix, and
e for all g € Wg, r(g) " 'Nr(g) = #kl9IN.
Suppose now that L is a p-adic field and E is an f-adic field for £ # p. If p: Gg — GL, (L) is
a continuous representation we use WD(p) to denote its associated Weil-Deligne representation.
Keep L as above but suppose that E is a p-adic field now. If p is de Rham then one can still
attach a Weil-Deligne representation WD(p). In the case that E is crystalline WD(p) = Deis(p)
with Frob € W, acting through the crystalline Frobenius .

Local class field theory. Suppose that E is an f-adic field. Then, the local Artin map
Artp: EX — W2

is normalized so that a uniformizing parameter goes to a geoemtric Frobenius elements. In the case
that £ = Qp we use the notation Art,.

The local Langlands correspondence. Suppose that F is an f-adic field. The local Lang-
lands correspondence defines a bijection
smooth representations | recy | Weil-Deligne representations
of GL,(E) (r,N) of Wg ’

It is normalized so that if x is a smooth character E* — C* and 7 is any smooth representation
of GL,(E) then
recp (7 ® x(det)) = recp(m) ® (x o Arty!)
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CHAPTER 1

Affinoid algebras, the Robba ring and (¢, [')-modules

In this brief first chapter we recall the theory and conventions we will need from Tate’s rigid
geometry. Second, we remind the reader of the Robba ring over the field Q. Third, we explain
what we will mean by the Robba ring over a Qp-affinoid algebra—the key for studying (¢,I')-
modules in families (see [40, 41]). We will spend some time recalling and developing the main
objects we are going to study: finitely presented modules over the Robba ring with coefficients in
an affinoid algebra. In the final section we elaborate on the construction of (¢, I')-modules in this
setting. We end by revealing the connection between (p,I')-modules and Galois representations.

1.1. Affinoid algebras (over Q)

The standard theory of affinoid algebras is explained in [I1]. We will (unless we change our
mind, in which case we hopefully will remind the reader) use A to denote an affinoid Q,-algebra.
That is, A is a quotient of a standard Tate algebra

Q(T,...,T,) = {ZaITI € QTy,....T]]: |as] — 0as I — oo} :
1

The usual Gauss norm passes to the quotient (any ideal of a Tate algebra is closed with respect to
the Gauss norm) and gives A a norm as well. Associated to any such A, we have the rigid space
X := Sp(A) whose points are in bijection with the closed points of Spec A (i.e. the maximal ideals
of A). We denote by B" the rigid space Sp(Qp(T1,...,T;)) which is our model of the closed disc
of radius one. We should not have to deal deeply with the affinoid topology, which of course is not
the same as the Zariski topology. 1f x is a point of X corresponding to the maximal ideal m,, we
use the notation Oglfx to denote the local ring of the space X at the point x. We will also write

Ox z to denote the algebraic localization Ay, . Each are local rings, the ring Ogi(gz is Henselian and
their completions at their maximal ideals are naturally isomorphic.
If x € X corresponds to a maximal ideal m, C A then we will denote the residue field at x by

L(z) :== A/m,. By our previous comments this is the same as the residue field of (’)Ei(gx, which is

also the same as the residue field of ﬁmz. If f € A then we can take its value in the residue field
f(x) := f mod m, without reference to which topology we consider.

Most of our work is going to concern modules over affinoid algebras but with reference to their
properties in the Zariski topology. In particular, we will be mostly interested in the ranks of finite
A-modules. If M is a module over A and x corresponds to a point of X then we denote

My =M ®a L(x) = (M ®A O;’%m) ®0§§g L(z) = (M ©4 Ox2) ®ox,, L().

The notation extends to sheaves over a general rigid space. The following result allows us to deduce
statements about A-modules by only considering the points of X.

ProprosITION 1.1 ([11l, Proposition 6.1.1/3]). If A is an affinoid algebra then it is a Jacobson
ring. In particular, the subset Sp(A) C Spec(A) is Zariski dense.
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We now give results in the theory of coherent sheaves over rigid spaces (as explained in [17]
§9.4]) that need proving since we cannot find a reference for them. Recall that if A is an affinoid
algebra then to any A-module M there is a canonically associated sheaf M. Moreover, Kiehl’s
theorem [11], Theorem 9.4.3/3] says that the functor M — M defines an equivalence between finite
A-modules and coherent sheaves on Sp(A).

LEMMA 1.2. Suppose that X = Sp A and Y = Sp B are affinoid algebras over Q,. Then, the
projection X xq, Y — X is surjective and closed (in either the Zariski or the rigid topology).

PRrROOF. Recall that X xq,Y = Sp(A@QpB). The fact that the map is surjective is clear, being
the base change of a surjective map ¥ — Sp(Q,). To see that it is closed, choose r and s so that
we have a diagram

X xq, Y — > Br+s

|

X ——B"

whose horizontal arrows are closed immersions (see [11], 7.1.3] for a discussion). The closedness of
the left vertical arrow then follows from the closedness of the right vertical arrow. O

Recall that if X is a topological space and f : X — N is a function then f is upper semi-
continuous if for all n, the set
{z € X: f(z) > n}
is closed. In particular, if f is upper semi-continuous then its minimum is achieved on an open
subset of X.

PROPOSITION 1.3. Let X = Sp(A) as above.

(a) If Q is a coherent sheaf on X then x +— dimp ;) Q. is upper semi-continuous in the Zariski
(and thus affinoid) topology.

(b) Now suppose that Y is another rigid space over Qp. Let Q be a coherent sheaf on X xq,Y
and assume that for all x € X, Q, is free over Y, := L(x) xq, Y. Then, the function
x — ranky, Q, is upper semi-continuous on X in the Zariski (and thus affinoid) topology.

Proor. By Kiehl’s theorem, Q = @ for some finite A-module @ and ranky,(,y Q. = ranky ;) Q-
Since A is noetherian, Nakayama’s lemma implies that z — dimp,) Q. is upper semi-continuous
on Spec(A). This proves (a). In the case of (b) we can assume without loss of generality that
Y = Sp(B) is affinoid. Indeed, if Y’ C Y is open then since Q, is free for each = we have
ranky, Q, = ranky, Q.. In this case Q is again associated to a finite A@QPB—module (. Then, to
prove (b) it is enough to show that if z € X xq, Y is a point lying over = then

(11) dimL(z) Qz = rankL(x)@,QpB Qm

Indeed, if 7x is the projection X xq, Y — X then under (L.1)) (and using the surjective part of
Lemma we have

{:E € X: rankL(z)(@QpB Q. > n} =Tx ({Z € X xq,Y: dimp,)Q, > n}) .

Since 7y is closed (by Lemma , the right hand side is closed by part (a). Thus, the left hand
side is also closed.
So, it just remains to explain (1.1)). Let x and z be given with mx(z) = x and consider the
maps
{2} = {2} xq, Y X X xq, Y
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whose composition we denote by j,. By assumption we have that (i, x id)*@ is free of rank equal to
rank L(z)®q, B Q. Thus, jQ is a vector space over L(z) with this dimenison. On the other hand,
J2@Q has dimension dimz;) Q. as well. O

COROLLARY 1.4. Suppose now that X = Sp(A) is reduced and that Y is another rigid space.
Assume that Q is a coherent sheaf over X xq, Y such that for all x € X the fiber Q. is free
over Yy := L(x) xq, Y. Then, there exists an open affinoid U C X such that Q‘UXQ y 18 finite

P

projective. If ranky, Q, is independent of x € X we can take U = X.

Proor. By Proposition b) we can shrink X and assume that = — ranky, O, is constant on
X xq, Y. Furthermore, we can assume that Y is an affinoid Y = Sp(B). The result then follows
from [41], Lemma 2.1.10(2)]—this is where we use that A is reduced. If x — ranky, Q, is constant
then we never had to change X. (|

1.2. The Robba ring

We are now going to give the main examples of rigid spaces we will consider. They will be
products of an affinoid base X = Sp(A) together with certain subdomains of the open p-adic unit
disc. In the case where the affinoid base is a finite extension of Q,, we recall that such spaces
behave essentially as though they are principal ideal domains (see Proposition [1.7)).

1.2.1. The case of a p-adic field. Fix for this subsection a finite extension L/Q,. We
normalize the p-adic valuation on L so that [p| = 1/p.
We fix rational numbers 0 < s < r. The first space we define is the p-adic annulus

Alls,r] = {T; p~ 0D < |T| < p—s/(p—n},

Its associated affinoid algebra, which we denote by RI¥"l (the letter R stands for “Robba”), is
isomorphic to the Laurent domain (at least if r < 0o)

Q(T, X,Y)/(X — Tp®/ =1 y /=1 1),
If we take r = oo then we get a p-adic disc

Alls, 00] = {T: |T| < pfs/(pfl)}.

The associated affinoid algebra is denoted by R[> and it is isomorphic to a Weierstrass domain
Qu(T, X)/(X — Tp* D).

Here is a picture of the disc so that we can can keep track of the way the radii are changing.
Fix r and notice that if 0 < s < &/ < r then the restriction map defines an inclusion RI5"
RI#"] which is flat and has dense image (see [41, Remark 2.1.4]). We then define

R = () R
0<s<r

This is the ring of functions converging on a half open annulus
AY0,r] = {T: p /) <7 < 1}.

inside the disc. This is no longer an affinoid because, for example, the function 7" on A'(0, r] would
violate the maximum modulus principle [11), Proposition 6.2.1/4]. However, it is a rigid analytic
space in the sense of Tate, admissibly covered by admissible open subsets {A1 [s, r]} with0 < s <.

DEFINITION. The Robba ring R is the ring R = |Jycpeoo R
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FIGURE 1. A picture of the disc

Suppose that L is a p-adic field. We extend the definition to L-coefficients by the formula
R) =R’ ®q, L where 7 is either of the decorations r or [s,7]. It would be the same to begin with

spaces Al[s, 7]z, with ring of functions of L(T, X,Y’) /(X —Tp*/®=1) yTpr/(=1) _1). In particular
we still have
Ry= () Ry and Rp= |J Ri.
0<s<r 0<r<oco
Now, every element f € Ry, is given by a formal Laurent series
f(T) = Z an T, an €L
neZ

so that the sum converges on some annulus, depending on f.

1.2.2. The case of a general affinoid base. We extend the Robba ring to the situation of

an affinoid base. Throughout this section we will denote by A an affinoid Q,p-algebra (recall §1.1])
and X = Sp(A). Let 0 < s < r be rational numbers again. Then, define spaces

X = X xq, Alls,7]
X" =X xq, A(0,r]
with rings of functions R[)S(’T] = A@QPR[S’T} and R’ = A@QPR”. Notice that X[*") is an affinoid

space, i.e. RE‘;’T} is an affinoid Qp-algebra. In particular, it is noetherian. Note that we have as

well that
Ry = (] RY'.

0<s<r
DEFINITION. The Robba ring over X (or, over A) is Rx = Jycreoo Rx-

EXAMPLE 1.5. In the case that A is a finite Qp-algebra. Then, we will often switch to the
notation R’ := "R?Sp( ) Where 7 € {@,[s,r],r}. Notice that in this case, since A is finite-dimensional
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over Q,, we have
R;‘ =A ®Qp R?.

For example, this notation agrees with the previous notation for Ry, where L/Q, is a p-adic field.

EXAMPLE 1.6. If A is a local Artin Qy-algebra then A/my, is a p-adic field and one sees that
R is a successive extension of R 4/, by itself.

1.2.3. Modules over the Robba ring. We now review and create some basic results in the
theory of modules over the Robba ring. What we are going to explain can be found in [41], §2]
except in the next section we have to extend one small proof; thus, we feel it necessary to review
definitions and details for a short time. We first consider modules over the Robba ring Ry,

Since R[LS’T] is the ring of analytic functions on an affinoid subdomain of the unit disc, it is a
noetherian integral domain. It follows that R} and R, are also an integral domains. The finiteness
properties of Ry, were first studied by Lazard [45]; he proved that any finitely generated ideal of
Rp is principal. The following strengthening of Lazard’s work is indispensable for us.

ProPoOSITION 1.7 ([8], Proposition 4.12]). The Robba ring Ry over L is an adequate Bezout
domain. That means:

(a) For a finite module M over Ry, to be free, it is necessary and sufficient that it be torsion

free.

(b) Any finitely generated submodule M of R} has elementary divisors: there is a basis
e1,....en for R} and elements fi | -+ | fu of Rr such that fiei,..., fuey is a basis
for M (it is free by the previous part). Moreover, the ideals (f1) D (f2) D -+ D (fu) are
unique.

Fix now a rational number ry > 0. In general, we notice that {A1 [s,7 is an admissible

]}0<s§r§r0
covering of A'(0,7¢] by admissible affinoid open sets. More generally X" is admissibly covered
by {X [5””]}. Each X®7] is affinoid because X is affinoid. In particular, we have an equivalence of

categories [11], 9.4.3/2]
{ﬁnite R[)?T]'mOdUIeS} — {coherent sheaves on X [S’T]} )

Thus, to give a coherent sheaf @ on X" is the same as to give:
(a) The data of a finite R[)S(’r]—module QP for all 0 < s <7 < rg.
(b) For all choices of intervals [s', 7] C [s,r] C (0, r0] we need isomorphisms

res[s,r]/] . Q[S,T} ®R[Syr] RA[)S(/’TI] i Q[s/’fr'/]7
X

[s',r

such that
(c) if we have three intervals [s”, "] C [¢',7'] C [s,7] C (0,79] then we have compatibility

1 "} 7

Q[S ,r Q[5l7rl] ®’R§I’H] R)S( T }

!’
rcsE,,”rr},]/[ Tresi}ﬂ,] ®id

, [8//7,’,//}
Q[s 7] ®R§’T] R

" 7,,//}

(Q[S,'I’} ®R[s,'r'] R[)i' o’ }) ®R[SI,T/] R,[; ’

(id ®1)®id X X

We will use the notation Q = (Q*"]) to pass between the sheaf on X™ and the modules over each
member X 57 of the cover.
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Notice that the data of (b) gives us that if 0 < s < & < 7y then we have a canonical map
Qo — QIs"0l and the module of global sections is

Q1= D(X7™, Q) = lim , g+ Q"™

This is a module over R'¢. However, one cannot expect in general to have @) inherit any finiteness
properties as a module over R'?. To explain the precise situation under which we can expect this,
we make the following definiton.

DEFINITION. A coherent sheaf Q = (QI*") on X" is said to be uniformly finitely presented if
there exists a countable cover {[s;,ri]},cn for (0,70] and a pair of integers (m,n) € N®2 such that
each module QU¥") has a finite presentation

(R[)?,ri]>®m - (R[)S(i,m})®n R Q[si,m} 0.

We say that Q is uniformly finite projective if in addition each Q") projective (or, what is the
same, flat).

Note that if we fix s < r then to check Q!*") is flat it suffices to check that Q[SI’T/] is flat for
[s',7'] D [s,r]. Thus, to check that every module Q!*") in a coherent sheaf Q is flat, it is enough to
see it on a countable cover by the data (b).

PRroOPOSITION 1.8. The natural functor

{ﬁmtely presented} - { uniformly finitely presented}

T
R'¢-modules coherent sheaves on X'
[s,7]
Q = (Q ®R§? RX )0<s§r§ro
is an equivalence of categories. Moreover, it induces an equivalence between the subcategories

finite projective - { uniformly finite pmjective}
R'¢-modules coherent sheaves on X" )~

Proor. That (Q[Sﬂ) =(Q Bprro R[;-’r]) is a uniformly finitely presented coherent sheaf is clear
since any finite presentation of @ over R'Y provides us with a uniform finite presentation for the
Q571 To see that it is essentially surjective we note that if Q = (Q[S’T]) is a coherent sheaf then

(a) QB =T (X", Q) BR70 R[)‘?ﬂ by [41), Lemma 2.1.6(3)], and
(b) if Q is uniformly finitely presented (resp. uniformly finite projective) then I'(X"0, Q) is
finitely presented over RS? (resp. finite projective) by Proposition 2.1.15 of loc. cit..
This completes the proof. [l

With this in hand, we will now deal exclusively with the global sections of coherent sheaves.
However, notice that the Proposition and Corollary apply to the global sections of any
coherent sheaf now.

REMARK. The rings R[)S(’T]

over R[;’r] is abelian. The ring R is not noetherian, but the category of finitely presented modules
over R is abelian still by Proposition Is the same true for Rx (or RY)? Note that by [41],
Lemma 2.1.12, Proposition 2.1.15(1)], if o : Q@ — Q' is a surjection of finitely presented R’y modules
then ker(c) is finitely generated over R'Y.

are all noetherian and thus the category of finitely presented modules
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1.3. (p,I')-modules
Proposition tell us that in order to obtain a finite projective R'¢-module we will need to

construct a compatible system of finite R[;’T]—modules whose number of generators does not expand

as s and r varies, i.e. the generators can be spread out over the entire half open annulus. One
situation where this arises is case of p-modules so we begin with that theory. We end the section
with a brief discussion of the relation between (¢, I')-modules and Galois representations.

1.3.1. Definition. On the ring R there is a collection of Qy-linear operators. Denote by I'
the group Z;. Then, for each v € I' we define an operator on R by the formulas

(v-NT) = F((L+T) = 1).

We have as well one more operator

(- IUT) = F(A+T)" = 1).

It can be checked that these operations are well-defined (i.e. preserve the convergence condition on
R) and that they commute. Notice that if we denote by r(f) the radius on which f converges then
r(vf) =r(f) and r(pf) < r(f) (and often r(pf) = r(f)/p). In fact, ¢ induces natural inclusions

@ RIET s Rls/pr/p]
@ RO — RTO/P

and presents the larger rings as finite free modules of rank p over the smaller rings. If we have a
module Q over R™ we thus have two different ways of extending scalars from R™ to R"0/?. We

denote by ¢*Q the tensor product Q ®gr R™/P where we use ¢ : R™ — R"/? and Q|(0 ro/7] the

same tensor product but by using the restriction map res:?) p RO — RIO/PIf X = Sp(A) we

extend the definition(s) to R?X by making ¢ and T" act trivially on the coefficients A. We begin by
studying the action of ¢ on modules over R'Y.

DEFINITION. A generalized @-module over R' is a finitely presented R'Y-module Q together
with an isomorphism ¢*(Q) = Q’(o ro/] of R?/p—modules . We say that Q is a p-module (dropping

the word generalized) if Q is projective.

Ifa:p*@ — Q’ (070 /1] is a given isomorphism then we obtain an operator

Q= ¢"Q = Qg0

which we denote by ¢ as well. Moreover, if f € R then ¢(fq) = ¢(f)e(q) (these are all elements

of Q) 0,70/

If Q is a generalized p-module then by Proposition [I.§] we know that it arises as the global
sections of a coherent sheaf Q = (Q[*"]) on X"0. Moreover, it is clear to see that the condition
Q= Q| (0r0/2] is the same as the the condition that there are isomorphisms @*Q[S”’] > Qls/pr/pl ag

R[;/p,r/p]

modules over , compatible with the restriction maps. In fact, the equivalence of Proposition

[L.§ gives us

PROPOSITION 1.9. There is an equivalence of categories

{ generalized p-modules } - { coherent sheaves Q = (Q1*™) on X™ such that }
over R @*Q[s’r] >~ QIs/Pr/Pl compatible with restrictions
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PROOF. Indeed, you just need to check that any element of the left hand side arises from the
right hand side, i.e. such a @ is automatically uniformly finitely presented. However, choosing a
finite presentation for QI0/P70] and using the condition that (¢*)”Q[To/p,r0] ~ Q[m/anrl’ro/pn} we
see that this is the case. g

By [11], Proposition 9.4.3/2], the category of coherent sheaves on X"° is abelian. The extra
condition on the right hand side is such that we can deduce the following corollary.

COROLLARY 1.10. The category of generalized p-modules is abelian.

PROOF. We just need to check that if Q@ — Q’ is a morphism of coherent sheaves on the right
hand side of Proposition then coker(f) and ker(f) both satisfy the extra compatibilities. Since
( presents R[;(/ ps/7)
this. For example,

as a free R[;;’S -module we have that ¢*(—) is exact. The result follows from
QD* coker <Q[7’=5] i) Q’[T»S}) ~ coker (SO*Q[T,S} N (p*Q/[r,s]> '

We now define the main objects which we will be dealing with. Recall that I' = Z 7.

DEFINITION. A generalized (¢, T")-module Q over R (or, over X™ ) is a generalized @-module
over RY together with a continuous R'$-semi-linear action of ' commuting with ¢.
By a generalized (¢, I')-module over Rx (or, over X ) we mean an R x-module QQ = Q™ BrroRx

where Q™ is a (p,T")-module over RY.
If we drop the word generalized throughout, i.e. work with projective objects, we get (p,T")-
modules.

Continuing the discussion above, to give a generalized p-module over Rx is the same as to
give an R x-semi-linear operator ¢ on @ such that ¢(Q) generates @ over Ry. To give a (¢, T')-
module, we add in the data of a semi-linear operation of the group I'. In fact, this is often how we
will specify a (¢,I')-module. Notice that if @ is a generalized (¢, T')-module then the ¢-condition
becomes (the possibly more familiar) condition that ¢*Q = Q. By a map f : Q@ — @' in the
category of generalized (¢,I')-modules over X is a continuous, (¢,I')-equivariant Rx-map. By
definition, such a map arises as a map ™ : Q" — Q' for a sufficiently large rg. When we want
to emphasize the equivariance, we might use a subscript (¢,I"). For example, we write

Hom(cp,f‘) (Qv Q,)

to be the R x-module of equivariant morphisms @ — @'. This is again a generalized (¢, I')-module.
If Q is a (¢, I')-module and we let Q' := Rx then we get the dual (¢, T')-module QV.

We finish with a lemma which will be used in Chapter It is meant to illustrate how we
can always descend from modules over Rx to a question about finite modules over the noetherian
affinoid spaces X571,

LEMMA 1.11. Assume that X is reduced. Let Q be a generalized (o, T")-module and f : Rx — Q
a (@, T')-equivariant map. Suppose that there is a Zariski dense set U C X such that the base change
Ju: Rpw) — Qu is injective. Then, f is injective.

PRrOOF. Choose an 19 > 0 such that @ arises from base change from R'¢ and f arises from
base change by a map f" : R'Y — Q. It suffices to show that f™ is injective. If 0 < s < ¢ then
we have the induced map

02 oo R o — g R
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By Lemma [41, Lemma 2.1.6(2)] it suffices to show that each f*70l is injective. Indeed, we have
ker(f7) = lim ker(fl*70)) and lim is exact by loc. cit. as well.

To prove that f[*70l is injective, we use that R[)S(’TO] is noetherian. Let I := im(fl®70)). If u € U
we know that f, is injective since its composition with I ® x L(u) — @ is. By definition f, is also
surjective and thus an isomorphism. In particular, for all v € Ul we have that dimp ) Iy, =1
(notice y is a point in the product Uls:rol now). Since X[smol is affinoid, Um0l ¢ Xs70l is Zariski
dense and everything in sight is finitely generated we deduce by Proposition that dimp, Iy > 1
for all y € X[#70). On the other hand, the upper bound dimp,,) Iy <1 is tautological since I is a

quotient of R[)‘?TO]. Since X570l is reduced and y — dim L(y) Iy 1s constant, we get that I is flat over
Xlsmol . Thus, it follows that R[)S(’m] = | and we are done. ]

REMARK. Suppose that ¢ € R (no subscript!). We have the same result if we replace Rx by
Rx/t. Indeed, all we used is that we arose from base change from one of the noetherian spaces
which build up Rx. In the case of Rx /t we would work with X xq, Z(t) where Z(t) C A(0, ]
is the zero locus of the function ¢, for rg sufficiently large.

1.3.2. Relationship with Galois representations. We now recall the relationship between
Galois representations and (¢,I')-modules. If A is an affinoid Qy-algebra then by a representation
of Gq, over A we mean a finite projective A-module V' equipped with a continuous A-linear action
of the local Galois group Ggq,.

PROPOSITION 1.12. Let A/Q, be a finite Qp-algebra. There is a fully faithful ®-equivalent
embedding of categories

Diig : { A-linear representations V of Gq, } — {(¢,T)-modules over R4} .

It defines an equivalence of categories between the Galois representations and the so-called étale
(p,I')-modules. Moreover, Dyig induces an isomorphism

Ext;[GQp] (V,V) = Ext(,, r)(Drig(V), Drig(V).

Let us make some remarks on the proof and its history. First, one can reduce to the case
where A is a field by looking at the finitely many localizations Ay, each of which is a local Artin
Q,-algebra and then proceeding by induction on the length. So, it remains to consider the case
where L is a field. In that case, analogous results (see [27] and [19]) were first proved with the
Robba ring replaced by different rings of analytic functions on affinoid subdomains of the disc. The
key step in extending this previous work to the Robba ring is Kedlaya’s theorem on slope filtrations
[42], Theorem 6.10]. Kedlaya’s theorem is also how one deduces the second point of the proposition
(see [5, Proposition 2.2.6]).

Now let X = Sp(A) be the rigid space associated to an affinoid Q,-algebra. Looking ahead
to the applications in Chapter [5| we see that we are going to begin with Galois representations (of
a global Galois group) over an affinoid base like X and then study the behavior at p via (¢, T')-
modules. Thus, it is important that one can convert a Galois representation over an affinoid base
into a (¢, I')-module and vice versa, at least locally.

PRrROPOSITION 1.13 ([40, Theorem 3.11, Theorem 0.2]). There is a fully faithful embedding
Diig : { A-linear representations V of Gq,} — {(¢,T)-modules over Rx} .

Moreover, if Q is a (¢,I")-module over Rx and Qn = Drig(Vy) for some point x € X and some
Galois representation V,, over L(x) then there exists an affinoid neighborhood U of X and an A-
linear representation Vi over U such that Dyig(Viy) = Q‘U as (o, I')-modules over Ry .
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REMARK. We have stated the most precise result that we know, but we are actually only
going to require that we can convert (¢,I')-modules back into Galois representations over finite
thickenings of the residue fields (cf. . Thus, we could replace the “moreover” in the above
statement with the “moreover” of Proposition [1.12| would be enough.
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CHAPTER 2

Arithmetic theory of Galois representations and (¢, [')-modules

In this chapter we will expand on the theory of (¢, I')-modules over finite Q,-algebras. Recall
that if L is a p-adic field then the category of continuous L-linear representations of Gq, is naturally
a full subcategory of the category of (¢,I')-modules over Ry. Our main goal is to explain how to
fruitfully use this embedding to gain insight into the structure of Galois representations. Perhaps
the most important, recent, development in understanding Galois representations through (¢, T')-
modules has been Colmez’s notion of triangulations. The definition is so simple we can give it in
this introduction: a triangulation of a Galois representation V' is a full (¢, I')-stable filtration (with
free quotients) inside the (¢, I")-module D,ig(V'). Furthermore, the construction of triangulations is
simple in a very important situation: the set of triangulations of a crystalline Galois representation
are in one-to-one correspondence with orderings of the crystalline eigenvalues, at least in a generic
situation.

As it turns out, there are many more examples of trianguline representations. In fact, we will
explain in Chapter 4] that certain p-adic families of Galois representations are canonically triangu-
lated (though this particular fact was known, in some sense, prior to our work). This multitude
of examples provides us with a natural setting in which to see classical Galois representations. In
order to paint this beautiful picture, however, we need to set straight certain foundational aspects.
Thus, our first goal in this chapter is to survey the arithmetic aspects of (¢, I')-modules.

To any given triangulation (of, say, a crystalline Galois representation) there is the notion of
being non-critical or critical. It turns out that over a p-adic family, the canoncial triangulations
mentioned above only suffice at over the non-critical locus. This realization forces us to consider
a generalization of triangulations, known as parabolizations—the terminology is due to Chenevier.
Our second main goal in this chapter is to draw out the notion of criticality from the theory of
triangulations and justify the construction of parabolizations instead.

The arrangement is as follows. First, we expand on and precise the relationship between Galois
representations and (¢, I')-modules which we began in the previous section. This includes a brief,
but explicit, description of the extension of Fontaine’s functors of p-adic Hodge theory from the
category of Galois representations to the category of (p,I')-modules. In the same spirit, we next
review Herr’s extension of the Galois cohomology. This includes the fundamental calculations of
Colmez and Liu in the rank one case or, what amounts to the same, the trianguline case. It is in
the third section that we carefully expose the fundamental notion of parabolizations and criticality.

2.1. Foundations of (p,I')-modules

Throughout this section A will denote a finite Q-algebra and in the case that A is a field we
will write A = L. Recall Proposition implies that V — D;ig(V) is a fully faithful embedding
of the category of A-linear representations V' of Gq, into the category of (¢,I')-modules over the
Robba ring R 4. We begin with just a brief tour of this relationship. One should also look ahead
to the study of crystalline representations beginning with Proposition [2.21]

2.1.1. Examples. We first begin with the rank one case. Let 0 : Q; — A™ be a continuous
character. We define a rank one (¢,I')-module R 4(9) as follows. It is a free rank one R 4-module
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with basis e and (¢, ')-action on e given by

pe=d(ple ye=d(y)e.
We extend the action to R ge semi-linearly with respect to the coefficients R 4. The fact that 4 is
continuous implies that the action extends to all of I" on R4e. It arises from a module over R’}
for any rg.
On the other hand, we could first begin with a continuous character x : Gq, — A*. If
Wq, C Gq, is the Weil group of Q,, then local class field theory gives us a diagram

Art>1

Wa, — Wg, —— Q;
l J Art];1 l
G’Qp G;’S’p Q, x

where the local Artin maps Art, are isomorphisms. The character x factors through G?fp and thus
we can consider the character

Oy i= X‘Wg&) o Arty : Q; — A*.
Then, Dyig(x) = Ra(dy). The following completely describes all the rank one (¢, I")-modules.

ProposITION 2.1 (5, Proposition 2.3.1]). If D is a (¢, I')-module of rank one over Ra then
D = R4(6) for some continuous character 6 : Qy — A*. Such a (¢,T')-module arises from a
Galois character x if and only if v,(6(p) mod my) = 0.

We now give some typical examples. Here, and forever, we denote z : Q; — Q; is the identity
map and [z] : Q) — Q, is the p-adic norm.

EXAMPLE 2.2. Let V' = xcycl be the the p-adic cyclotomic character. Since the local Artin map
is normalized so that p — Frob, we have that for z € Q,,

(XCyCl‘Wab o Artp> (:C) = xp*“p(x)_
Qp

Xeya (P) = L and 0y, (v) = v for v € Z;'. We write this thusly: J,
an integer we can take the nth power of this map and get that dg, ) (p) = (2 |2])".

In particular, o o = 2 12]. Ifnis

EXAMPLE 2.3. Let a € L*. Then we define a character unr(a) : Q) — L* given by p — «
and v — 1 for v € Z). This arises as an unramified character x of Gq, if and only if v,(a) = 0.

ExampLE 2.4. If D is a (p,T')-module over R4 and ¢ : Q) — A is a continuous character
then we denote

D(d) := D ®@r, Ral(9).
We refer to this module as being obtained by twisting D by §. Mimicking the situation with Galois
representation, we use the notation D(n) to denote D ((z]z])"), for n € Z.

Suppose still that 6 : Q; — A is a continuous character and we consider R4(5). We define
the weight of 6 as
log(6(1+p d
@)
log(1 + p) dy™
Such weights will appear as the Hodge-Tate-Sen weights of trianguline (¢, I')-modules (cf. Example

and Lemma .

wt () =
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EXAMPLE 2.5. For example, wt(z|z|) = —1, which agrees with our normalization that the
cyclotomic character Xcyc has Hodge-Tate weight —1.

EXAMPLE 2.6. Going back to the twisting for a moment, suppose that A is Artinian and
k € my C A. Then, we can define the character x : Q, — A* given by z — exp(rlogy,(z)) (the
series converges because k is nilpotent). We have that the character x has weight —x. Thus if D
is a (p,I')-module over R4 we can form the twist D(x) and “change the weight”.

One specific thing we have somehow managed not to mention is the element t € Ry. It plays
the role of a period for the p-adic exponential function and permeates the entire theory. To that
end, we define , ;

tzlog(l%—T):T—T?%—T?—---.

This converges on A!(0,00]. Recall that we defined the action of ¢ and T' in If we compute
the action on t we see easily that ¢(t) = pt and (t) = v¢t. Thus t € Ry, is an eigenvector for
the operators ¢ and I'. Said another way, the submodule tR, is a rank one (g, I')-submodule.
In the previous notation we have tR; = Rp(z). Similarly, {"Ry is a rank one submodule of Ry,
where the action is through the character z — 2z". Its weight is —r. Notice that if D C Ry is
any (o,I')-submodule then by Proposition we know that it is rank one, generated by some
element f € Rp. The following tells us all the possible f and is a first step in the calculation of
the cohomology groups (see Proposition .

PRrROPOSITION 2.7 ([23, Remark 3.3]). Every (¢,I')-submodule of Ry, is of the form t" Ry, with
r > 0.

Recall, we have defined generalized (¢, I')-modules on page If D is a generalized (¢,T')-
module over Ry (which is a domain) then we denote by Dy, the Rp-torsion submodule. The
quotient D/Dye, is then a finitely generated, torsion-free Rp-module. Following Proposition
we deduce that D /Dy, is free over Ry, and the sequence

0 — Dioy = D — D/Dioy — 0

is split as Rp-modules. In particular, Dy, is a generalized (¢,I')-module which is completely
torsion. In fact, the following result tells us that every element in Dy, is killed by a power of ¢.

COROLLARY 2.8. Let D be a generalized (p,I")-module over Ry. Then D is free if and only if
D is t-torsion-free. If S is a torsion (p,I')-module then there exists integers my, ..., m, > 1 such
that

S = @'RL/tmi.
i=1
as Rr-modules.

PROOF. We use the notation as above. Our goal is to show that Dy, is t-torsion. Consider
any finite presentation of Rp-modules

O—>D’—>R%d—>Dtor—>0

with D’ finitely generated over Ry. Applying Proposition again we see that there is a basis
€1,...,eq for R%d and element fi | --- | f; such that D’ is free on the elements fje;. We claim
that the submodule f;Ry is (¢,I")-stable inside Ry. Indeed, since I' acts invertibly on Do, and
©* Dior = Dior we have that for each ~, vf1,...,7f; is a list of elementary divisors for Dy, as well
as ¢fi,...,pfi. Since the ideals (f;) are unique, we see that they are all (¢,I")-stable. Then, by
the Proposition they must all be of the form t"Ry. Thus Dy, is t-torsion. This also proves
the final statement. O
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DEFINITION. We say that D is a torsion (p,T')-module if D = Dio,. We say that D is pure
torsion if D is free over Rr/t" for some r > 0.

If D is a free Rr-module and D’ C D is a submodule then we can define the saturation of D’
inside D as

D% = DN (D' ®@g, Frac(RL)).

This is the largest submodule of D with the same rank as D’ and whose quotient D/D’5% is
free over Ry. By Corollary we have that in the case that D is a (¢,I')-module and D’ is a
(¢, I')-submodule then

D's* = DN D'[1/4).

For example, the saturation of "Ry, inside Ry, is just Ry, itself.

2.1.2. p-adic Hodge theory of (¢, I')-modules. We now take a moment to recall the exten-
sion of Fontaine’s p-adic Hodge theory [28] from the category Gq,-representations to the category
of (p,I")-modules. The original reference for this material is [8]. Our recollection has been patched
together from §5 of loc. cit., [5], §2.2.7] and [53] §3]. We assume, however, that the reader is familiar
with Fontaine’s original theory (so that they can make sense of Proposition . Specifically, we
freely use the notations Dgep, Dygr, etc. for Fontaine’s functors

{ L-linear representations of GQp} — {some linear algebraic category} .

and hope that they make sense.

Throughout this discussion we work only over Q,. If we extend the coefficients to some p-adic
field L then all it amounts to is changing statements below about the rank from R to Rj and
dimensions to become over L. Let D be a (p,I')-module over R and fix an ¢ such that D arises
via base change from a (¢,I")-module D™ over R". We begin first with Sen’s theory (see [57] for
the Galois representation story). For n sufficiently large, all of the p™th roots of unity live inside
the half open annulus A'(0,7g]. For each choice (pn of such a root of unity we get a surjection
R — Qp(¢pn) and thus we can define

DSen(D) = (DTO ®RTo Qp(Cpn)) ®Qp(cpn) Qp(Cp“)-
Here, Q,((p~) = lim Q,((yn) and we view I' as the Galois group Gal(Q,((y=)/Qp) identified with
Z, via the cyclotomic character

Xcyecl
Gal(Qp(Gp=)/Qp) =T = Z;-

The object Dgen(D) is a vector space over Qp((pe) of dimension equal to rankg D. Further, it is

equipped with a Q((pe)-semi-linear action of the group I'. The formula we have given explicitly

depends on ry and n, though for ry sufficiently small and n sufficiently large it is independent of

such a choice. The Qy(jpe)-linear operator

d

@Sen(fE) - _a"y:l(

z)

is well-defined on Dge, (D) and its characteristic polynomial has coefficients over Q,. The functor
D +— Dgen(D) is exact because it is obviously right exact and preserves rank/dimension.

DEFINITION. The Hodge-Tate-Sen weights (with multiplicty) of D are the eigenvalues of Ogen
(with multiplicity) acting on Dsen (D). We say that D is Hodge-Tate if its Hodge-Tate-Sen weights
are all integers and the operator Ose, is semi-simple. Finally, we say that D is regular if each
Hodge-Tate-Sen weight has multiplicity one.
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EXAMPLE 2.9. If D = R(d) then it is easy to calculate that ©ge, = wt(d). The rank one
(¢, I')-module R () is Hodge-Tate if and only if § = 2"¢ unr(«) where ¢ is a finite order character
Z; — L* and a € L*. In that case, its weight is —r.

Since t has a simple zero at each primitive p™th root of unity, the completed local ring at any
such point in X" is a power series ring over ¢ (with coefficients in the residue field). Thus for n
sufficiently large we get a natural I'-equivariant map

trom t R™ = Qp(Gpr)[[2]],
compatible with ¢ in the sense that the diagram

(2.1) R0 —2" Qu(Gn)[[2]]

wl [

Rro/p, —— Qp(Cni1)[[1]]

lrg/p,m+1
is commuting. In any case, we use one of these maps to define
Dgi¢(D) = (D" @rro Qp(Gpn)I[t]]) ®qy (¢, 1) Q(Gpoe) (1]
The compatibility (2.1) implies that the definition of D;fif it is independent of ry and n sufficiently
large. We as well define
Dgit(D) == Dy(D)[1/t] = D™ @rro Qp(Gpee)((1)).

The functor D — DZ.(D) is again exact, as is D — Dgi(D) (being a localization of the other one).
On Dgit(D) there is a Qp(Cpee)((t))-semi-linear action of I' again and we set

Dar(D) := Dai(D)".
Notice that (Qp(Cpoo)((t)))F = Qp. Thus Dyr(D) is a Qp-vector space. One sees as well (as is
usual in Fontaine’s theory) from this that the natural map

Dar (D) ®q, Qp(Gp=)((t)) = Dair(D)

is injective and thus
(2.2) dime DdR(D) < rankR(D).

On the other hand, (—)" is only left exact in general and thus we can only expect Dgr to be left
exact.

DEFINITION. We say that D is de Rham if dimq, Dyr(D) = rankg D.
The Q,-vector space Dqr(D) has as well the extra structure of the Hodge filtration

Fil' D (D) := (D™ @rro #'Qp(Ge)ll]])), i € 2.

We have Fil'™! Dyr(D) C Fil' Dgr(D) and Fil® Dgr(D) = DL (D)F. This explains the “plus”-
notation—it corresponds to the non-negative piece of the Hodge filtration. We also sometimes
denote this by DJ(D). Since Dqgr(D) is finite-dimensional we see that the Hodge filtration is
exhaustive (that is, Dqr (D) = Fil' Dgr (D) for i small) and separated (that is, (0) = Fil! Dgr(D)
for j large). Finally, we set
Dais(D) := (D[1/1)".

We evidently have an inclusion Dgis(D) < Dgr(D) (which depends on the choice of ry in the
definitions above) and via this we can take the induced Hodge filtration Fil’ D¢yis(D) on Deyis(D).
The operator ¢ on D[1/t] preserves the I-invariants because ¢ and I' commute and thus Deyis is
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a Qp-vectorspace together with a linear action of ¢. Beware that these two actions of ¢ (on D
versus Deis(D)) are related but by a dictionary one has to keep track of (cf. Proposition [2.21]).
Analogous to the de Rham case, the natural map

Deis(D) ®1 Rp[1/t] — D[1/1]

is injective. This implies that dimq, Deris(D) < rankg D. Again, De;s is not exact in general, but
is left exact.

DEFINITION. We say that D is crystalline if dimq, Deris(D) = rankg D.

In general we have that
crystalline = de Rham =— Hodge-Tate.

Furthermore, for a de Rham representation we have that the Hodge-Tate-Sen weights (which are
all integers) are the indexes where the Hodge filtration jumps and the multiplicity of a particular
weight is read off by the dimension of the associated graded.

PROPOSITION 2.10. Let V' be an L-linear representation of Gq,. Then there are canonical
isomorphisms D(V') 22 D(Dyig(V')) where D is any of the functors Dgen, D:fif, Dgr or Deis given
above.

PROOF. For D7 see [8, Corollarie 5.8] and for the others, see [5, Proposition 2.2.9]. O

We record the following for future use. Notice that since the quotient of two (¢, I')-modules need
not be a (¢, I')-module (unlike Galois represenations), there is something to say at the beginning
of the following proof.

LEMMA 2.11. Suppose that D is de Rham (respectively, crystalline) and that D' C D is a
submodule. Then D' is de Rham (respectively, crystalline).

PROOF. The proof is the same in either case so let us assume that D’ is de Rham. If D’sat
is the saturation of D’ inside D then by the remarks proceeding Corollary and definition of
Dgr, we have Dqr(D’) = Dgr(D’®*"). Thus, we may assume that D’ is saturated inside D and the
quotient D/D’ is a (p,I')-module. The argument now is a standard one from Fontaine’s theory,
using the left exactness of Dgr(—) and the inequality (2.2)). O

We end this subsection with an explicit example which will elucidate the two different actions
of ¢ which are floating around.

ExXAMPLE 2.12. We consider the (¢, I')-module t"Rj = R (z") =: D,. This is Hodge-Tate of
weight —n. Let e = " be the basis for D,,. Then the element € = ¢t "e is fixed by I' and ¢ acts
on € with eigenvalue 1. Thus D,, is crystalline and ¢ acts on Deis(D),) with the eigenvalue ¢ = 1.
The Hodge filtration is concentrated in degree —n.

In particular, we have that Dcs(D,,) is weakly admissible in the sense of Fontaine [29] if and
only if n = 0. Since being weakly admissible is equivalent to being admissible that we recover that
t"R is the in image of D,z if and only if n = 0. This agrees with Proposition

On the other hand, consider D = R[(z |z|) with a basis e. This has Hodge-Tate weight -1 and
we see that t~le is a basis for Deis(D). Moreover,

ot le)=p 't (plphe=p ' (t"e).

Thus ¢ acts on Deis(D) with eigenvalue ¢ = p~!. Here now you see that v,(¢) is the unique

Hodge-Tate weight of D and thus Deg:is(D) does arise from a Galois representation. Of course,
D = Drig(chcl)-
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REMARK. The functor D5 on Galois representations defines an equivalence of categories be-
tween all the crystalline Galois representations and the category of weakly admissible filtered -
modules (over Q). One of Berger’s results [9] is that Des induces an equivalence of categories
between the category of crystalline (o, I')-modules and all the filtered ¢-modules.

2.2. Galois cohomology I

In this section we continue of (¢, I')-modules by recalling the cohomology of (¢, I')-modules over
a field. The computations in the rank one case will play a fundamental role in the construction
of analytically varying filtrations of (¢, I')-modules over p-adic families in Chapter [4} In the final
subsection we define and study the analog of the Bloch-Kato Selmer groups using the p-adic Hodge
theory we just explained.

2.2.1. The Herr complex. Let L be a p-adic field. If V' is an L-linear representation of Gq,
then we use H Z'(GQP, V') to denote the continuous cohomology of Gq, with coefficients in V. These
are finite-dimensional L-vector spaces concentrated in degrees 0 < ¢ < 2.

The extension of Galois cohomology from the category of L-linear representations of Galois
groups to the category of (¢, I')-modules is due to Herr [36]. In the case of a generalized (¢, T)-
module, Liu [46] defined and studied the cohomology. The extension to the torsion case, in partic-
ular, is used for deducing (p,T')-versions of local Tate duality and the Euler-Poincaré-Tate charac-
teristic formula (see §2.2.3)). Some of the calculations we recall predate Liu’s work and were carried
out by Colmez [23] in his study of two-dimensional trianguline (p,I')-modules.

Suppose that @ is a generalized (¢, ')-module over L. Denote by A the p-torsion subgroup of
I’ (which only exists if p = 2). We choose a topological generator «y for I'/A and we define two
maps:

d d?
QF —— (@H)F —— Q8
where
dy(x) = ((p = Dz, (v — D),
& ((,9)) = (v = Dz — (¢ — Dy.

It is easy to see that dg o d}y = 0 and we denote by C3(Q) the associated complex. If v and v are
two different choices of generator I'/A then C;(Q) is the same as C;,(Q) up to quasi-isomorphism,
and so we define

H'(Q) := H'(C5(Q)),
for any choice of 7. We have that H°(Q) is the set of simultaneous invariants Q¥=*'=" for ¢ and
I" acting on ). Alternatively,

H°(Q) = Homy, (R, Q).
As remarked in [23, §2.1] we have that if @Q is free then H'(Q) is canonically isomorphic to
Ext%(p r) (Rr,D). The cohomology is concentrated in degrees at most two, and we will see that

the degree two term is related to the degree zero term (of a different module, see Proposition [2.16]).
In general these are finite-dimensional L-vector spaces and associated to a short exact sequence

0-Q —Q—Q" —0
of generalized (¢, I')-modules over L we get a long exact sequence
0— HQ) — H Q) - H'(Q") » H'(Q) — H'(Q) — -+
in cohomology.
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2.2.2. Rank one and pure torsion cases. Now suppose that ¢ : Q; — L™ is a continuous
character. We introduce some notation to make statements slightly shorter. We define H*(4) :=
H*(R(9)) and T = Homcont(Q;,Gm/Qp). Inside T' we have two subsets

St={:7:0<j},
5= {l2]2"1i>1}.
You can remember the decoration + because the elements of St have non-negative weight whereas

the elements of S~ have negative weight. Finally, we denote by 7, = T\ (St U S™). These are the
“generic characters” and the terminology is justified by the following calculation.

PROPOSITION 2.13. Suppose that § : Q) — L* is a character. Then,

0 6¢3S+

i 10 = {1 se g

1 deT,

2 0¢T,’
0 6¢5
1 §eS.

and

dimy, H(0) = {

dimy, H%(0) = {

PROOF. For j = 0 and j = 1 this is [23] Theorem 2.9] and for j = 2 this is [46], Proposition
2.12)]. O

We are going to also need to make sure we know the cohomology of torsion (¢, I')-modules. For
that, we need the following.

PROPOSITION 2.14. If § : QY — L* is a continuous character then H*(R(6)/t") = (0). If
7=0o0rj=1 then
1 if0<w() <r,
0 otherwise.

dimy, HY (R (6)/t") = {
PROOF. The case of j = 0 is [23, Proposition 2.18]—note, however, that we use different
conventions then loc. cit. The case of j = 1,2 follows from [46] (see Proposition [2.16|(b)). O

COROLLARY 2.15. Suppose thatn, 6 : Q — L™ are two continuous characters of integer weights
wt(n) < wt(d). Then, for each integer r > wt(d) — wt(n), there is an exact sequence

(2.3) 0 — " HODIR, () — Ri(n) — Re(6)/t7 — R (8) /67D — 0,
Proor. By Proposition in degree zero we have that if

(2.4) wt(n) — wt(d) <m <r+ (wt(n) — wt(d))

then

dimL Hom(%p) (tmRL(n), RL((;)/tT) =1

If m is outside the range ([2.4)) then there are no (¢, I')-equivariant maps t"Rp(n) — Rp(d)/t".
Thus, if m < m’ are two different integers then the natural restriction map

Hom(,, 0y (1" R (1), R1(8)/t7) — Hom, 1y (1™ Ri(n), Re(8) /")
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is either zero or an isomorphism for dimension reasons. In particular, up to a consistent choice of
scalars in L* we have a diagram

0—— tT*(Wt(fs)*Wt(??))RL(n) —— > Rr(n) —— RL()/t"
(9)

0 , tr—(wt(&)—wt(n))RL(n) SN t—(wt(é)—Wt(ﬂ))RL(n) —— R (6 /tr —0

whose rows are exact and with injective middle vertical arrow. This gives exactness of the first
three terms in (2.3)). For the final term, note that the injectivity of the middle vertical arrow implies
that we have an isomorphism

coker (Rp,(n) = Ry, (8)/¢") = coker (R (n) — t~ MO R, (1))
of Rr-modules. The exactness of the final term of (2.3)) easily follows now. ]

2.2.3. Duality and the Euler characteristic formula. In the case of an L-linear represen-
tation V' of Gq,, one knows that H Z(GQm Xeycl) is one-dimensional and the cup product pairing

Hi(GQp? V) X H2_i(GQp7 VV(XCyd)) - H2(GQp’ chcl) = Qp

is a non-degenerate perfect pairing (local Tate duality). We further have the Euler-Poincaré-Tate
characteristic formula:
2
X(V) = (1) dim; H(Gq,,V) = — dim, V.
i=0

These formulas are extemely important because reduces a questions about first degree cohomology
(the most interesting one!) into questions about invariants of a fixed representation and a twist of
its dual. Their analogies in the theory of (p, I')-modules will be fundamental for our comptuations.
Recall that a torsion (¢, I")-module is a generalized (¢, I')-module S such that S[1/t] = (0).

PROPOSITION 2.16. [46] Theorems 4.3, 4.7] Let S be a torsion (¢,I')-module and D a (¢,T")-
module over Ry,. Then,
(a) H*(Rp(z|2])) = Qp.
(b) H2(S) = (0) and dimy, H°(S) = dimy, H'(9).
(c) For each i, the pairing
H'(D) x H*7(D"(z]2])) — Qp

given by (a) and the cup product is a non-degenerate perfect pairing.

(d) We have
2

—rankg, D = (~1)' dim, H'(D).
1=0

Note that part (d) is true for S as well if we agree that a torsion (¢, I')-module has rank zero.

2.2.4. Bloch-Kato Selmer groups. Suppose that V' is an L-linear representation of Gq,.
Then Bloch and Kato [10] have defined and studied subspaces H}(GQP,V) and Hj(Gq,,V) of
the Galois cohomology H 1(GQP, V') which, at least in the case that V is crystalline, parameterize
extensions W of L by V which are crystalline. They play a local at p role in the construction of
global Galois cohomology groups whose dimension is one of the terms in the so-called Bloch-Kato
conjecture. In our deformation theory computations, we will need to consider these Selmer groups.
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Of particular important to use will be the case where D = ad Dy is the adjoint module attached to
a (p,T')-module Dy.

Recall that in we gave explicit descriptions of Fontaine’s functors in terms of (¢,I')-
modules. We have, as well, remarked that the cohomology group H'(D) of a (¢,I')-module is
canonically isomorphic to the group of extensions Ext%(pjp) (Rp, D). If ¢ is a cocycle in H(D) then

we denote by D, the extension
0—-D—D.—Rr—0

of (¢, T')-modules corresponding to the cocycle ¢. Since Dgi(—) is an exact functor. Since taking
I'-invariants we get an exact sequence

86
0 — Dar(D) — Dar(D.) — L =% HY(T, Dgit(D)).
On the other hand, the functor Dgyis(—) defines for us a canonical morphism of L-vector spaces
HY(D) %% HV(T, Dgie(D)).
Similarly, the functor D — DJ[1/t] is exact and so taking I'-invariants, we get an exact sequence

c
a(:1ris

0— Dcris(D) - Dcris(DC) — L — Hl(rv D[l/t])
Again, the other part of the picture is a functorial (in D) map
HY(D) %5 qHY(T, D[1/4]).
We then define the Bloch-Kato Selmer groups in the context of (¢, I')-modules.
DEFINITION. The Bloch-Kato Selmer groups are
deris
H}(D) = ker (Hl(D) deris pr1(p, D[l/t]))
d
HY(D) = ker (H' (D) “% H(T, Dgie(D)))
PROPOSITION 2.17. Let ¢ € HY(D) be represented by an extension 0 — D — D, — Ry — 0.
Then c € H}(D) (resp. ¢ € Hgl(D)) if and only if the sequence
(2.5) 0 — D?(D) — D?(D.) - L—0
is still exact where 7 = cris for H} and ? = dR for Hgl.

PROOF. The proof is the same for either so let us just assume that we are working in the case
of Deis. It is easy to check that the relation between deyis and Ouis is given by deris(c) = 0544(1).
Thus, the sequence (2.5)) is exact if and only if 95,,(1) = 0, if and only if ¢ € ker(deyis)-

The alternative description easily shows us that we have the following corollary.

COROLLARY 2.18. Suppose that D is de Rham (resp. crystalline). Then ¢ € Hy(D) (resp.
ce H}(D)) if and only if D, is de Rham (resp. crystalline).

As one expects, this is all completely compatible with the usual theory coming from Ggq,-
representations. We have as well analogs of the computations originally done by Bloch and Kato
in that case (see [10), Corollary 3.8.4)).

PROPOSITION 2.19 ([6l, Proposition 1.4.2, Corollary 1.4.5]). Suppose that V' is an L-linear rep-
resentation of Gq,. The natural isomorphism H'(Gq,,V) = H'(Dyig(V)) induces isomorphisms

H}Gq,.V) — H}(Dyg(V)), and
H,(Gq,,V) — H(Dyig(V)).
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Furthermore, if D is de Rham. Then,

(2.6) dimy, H}(D) = dim H°(D) + dim Dag (D) /D (D)

(2.7) dimy, Hy(D) = dim H (D) + dim Deyis (DY) 97"

In particular, if D is crystalline and p~' is not a p-eigenvalue of Deyis(D) then H}(D) = Hgl(D).
The reader should note that the the formulas are very easy to compute. For example, suppose

that D is crystalline and that p~! is not an eigenvalue for ¢ on Des(D). Then, dimy, H}(D) is

exactly the number of negative Hodge-Tate weights of D plus the number of (p,I')-equivariant
copies of Ry, which are embedded in D.

2.3. Triangulations and parabolizations

We now move on to the special class of (¢, I')-modules we will study for the rest of this thesis:
the trianguline (¢, I')-modules. The key feature we will exploit is that the Galois representations
which arise from algebraic geometry become reducible (in many ways) when we pass to the world
of (¢, I')-modules. Thus, we still denote by L a p-adic field and by A a finite L-algebra.

2.3.1. Parabolizations of (¢,I')-modules. Let D be a (¢, I")-module over R 4 and we denote
its rank by n.

DEFINITION. Fiz an integer 1 < s < n. A parabolization, of length s, of D is a strictly
increasing filtration P
P.0=PCPCPC---CP=D

such that
(a) each P; is a (p,I")-submodule of D over Ra, and
(b) coker(P,_1 — P;) is a direct summand of P; as a Ra-module for eachi=1,...,s.

In the case that s = n (i.e. we have a full filtration inside D) we call P a triangulation. In that
case, Proposz'tz’on implies that each (p,T')-module Gr; P := P;/P;,_1 is rank one and the n-tuple
(61,...,0n) of characters §; : Q; — A* such that

Gri P = RA((L)
1s called the parameter of the triangulation P.

LEMMA 2.20. Suppose D is a triangulated (p,T")-module of rank n with parameter (61,...,0d,).
The list of Hodge-Tate-Sen weights of D are {wt(d1), ..., wt(dn)}.

PrOOF. The Hodge-Tate-Sen weights of D only depend on the semi-simplification of D (since
that is true of the eigenvalues of Oge, acting on Dge,(D)). O

DEFINITION. A (p,T')-module is said to be trianguline if it has a triangulation.

Using Galois representations arising from algebraic geometry, we can construct many exam-
ples of trianguline (p,I')-modules and for each one, many possible triangulations. These different
triangulations corresponding on the Galois side to refinements, which we now define. Assume for
the moment that D is a crystalline (¢,I')-module over R where the eigenvalues of ¢ acting on
Deis(D) all live in L*.

DEFINITION. A partial refinement of D is the choice of a p-stable filtration R of Deyis(D)
R:0=RyC Ry C - C Rs = Deis(D).

If s =n (i.e. we have a full filtration) then we remove the word partial and just refer to R as a
refinement.
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If R is a refinement then it defines an ordering (¢1, ..., ¢,) of the crystalline eigenvalues by
insisting that ¢ acting on R; has eigenvalues {¢1, ..., ¢;}. Further, if ¢ has distinct eigenvalues on
Dis(D) (which will be assumed in our applications) then this ordering is equivalent to a refinement.
Moreover, we also obtain an ordering (si,...,s,) of the Hodge-Tate weights (each of which is an
integer since D is crystalline) by insisting the R; has weights {s1,...,s;} with respect to the Hodge
filtration Fil® Deyis(D).

Thus, to a crystalline (p,I")-module D we can consider either its triangulations or its refine-
ments. In either case, there is invariant data attached to either:

a triangulation P ~~ the parameter (d1,...,0p)

the orderings of eigenvalues the (¢1,...,¢n)

a refinement K.~ and the Hodge-Tate weights (s1,..., )

The relationship between parabolizations and partial refinements, along with the dictionary of
passing between these invariants, is given by the following. Recall that we defined the unr notation

in Example

PROPOSITION 2.21. (a) Let D be a crystalline (¢,I')-module over Ry whose crystalline
eigenvalues all live in L*. Then P+ Dis(P) induces bijections
{parabolizations of D} < {partial refinements of Deis(D)}, and
{triangulations of D} < {refinements of Deyis(D)} .
(b) If P is a triangulation with parameter (81, ... ,0y) then the orderings associated to Deyis(P)
are given by
(@155 6n) = (P61 (p), .., p™ )6, (p)), and
($1,--+y8n) = (Wt(1),...,wt(dy,)).

(c) If R is a refinement with orderings (¢1,...,¢n) and (s1,...,Sn) as above, then the param-
eter (01,...,0p) of the corresponding triangulation P is given by

(01,.-+,0n) = (7% unr(¢1), ...,z " unr(¢y)).

PROOF. For the bijection in this generality, see [16, Lemma 3.10]. The correspondence between
the parameters and the orderings of the eigenvalues/weights is explained in [5 Proposition 2.4.1]
(where the triangulation case of part (a) is also proved). Note there that z‘r = (z ]z\)‘r and thus
the formulas of loc. cit. are the same as ours.

In order to illustrate the role that the weights are playing, and because this type of computation
is fundamental to understanding the variation in p-adic families, we include the following worked
example in dimension two.

EXAMPLE 2.22. Consider what is happening for a two-dimensional crystalline (¢, I')-module.
Assume that D is a crystalline with regular weights k1 < ko and distinct eigenvalues {¢,¢'}.
Without loss of generality, Deis(D)¥=% # Fil*2 Deyis(D). Thus, the refinement with ¢1 = ¢ orders
the weights (k1, k2) and we get a triangulatio

(2.8) 0 — Rp(z " unr(¢)) == D - Ry(z " unr(¢)) — 0.
The other refinement corresponds to the ordering (¢, ¢), but we need to have two cases in order

to see what the ordering of the weights is.

"n the two-dimensional case, we often write a triangulation as a short exact sequence, the submodule being the
first/only non-trivial step in the triangulation.
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We claim that wt(¢') := wt(Des(D)¥=%) = ko if and only if the sequence is split (2.8) (as
(¢, T')-modules; it is split as an R -module already). One direction is clear, so assume that wt(¢’) =
ko. Then, we look at the induced triangulation

0 — Rp(z " unr(¢)) J.D— Rz unr(¢)) — 0.

We claim that j is a section of 7. Since
dimz, Hom,, 1 (RL(Z_kQ unr(¢')), R (2" unr(gb’))) =1

it suffices by way of contradiction to assume that that moj = (0). If that is the case then j defines a
non-zero map Rz (2% unr(¢')) — R (2~* unr(¢)), which must be an isomorphism because im(5)
is saturated inside D. However, z~*2 unr(¢') and 2% unr(¢) have different weights, so this is not
possible. Thus, up to a factor of L*, we must have that j is a section of m and thus D is split as a
(¢, I')-module.

Anyways, what it means is that the triangulation corresponding to (¢', ¢) is one of two possi-
bilities:

0 — Rp(z ™ (unr(¢)) — D — Rp(z " (unr(¢))) — 0 (if D is split)
or
0 — Rp(z " (unr(¢)) — D — Rr(z*2(unr(¢))) — 0  (if D is non-split).
If we call (41,02) the parameter corresponding to (¢, ') then the parameter of (¢, ¢) is either
(62,01) if D is split, or
(Zkgfkl 62’ Zklszél) — (Zwt(ég)fwt(él)(b ZWt((sl)th((sg)él)

if D is non-split.
The above example proves the following, which we record for later use:

LEMMA 2.23. Suppose that D is a rank two crystalline (o, T)-module of regular weight and with
distinct crystalline eigenvalues contained in L. If (6,7n) is the parameter of some triangulation of
D then the other is given by

(n,0) if D is split,
(2Wt )=t 0)py @) =wt()§)  if D is non-split.

Revisiting the example one more time, we see that the difference between the ordering of the
weights corresponding to (¢, ¢) was whether or not the line Deris(D)#=% had the highest weight.
Focusing instead on the weight first, and the action of ¢ second, this is a question of whether or
not the line Fil*2 Deis(D) is ¢-stable. This leads us to a definition:

DEFINITION. Assume that D is crystalline. Then, a saturated (p,I")-submodule P C D is called
non-critical if there exists an integer k such that Deyis(P) @ Fil*® Deis(D) = Deis(D). We say that
P is critical if it is not non-critical.

We remark that D itself is always a non-critical submodule of itself. In fact, if k£ is the highest
Hodge-Tate weight of D then Deyis(D) = Deyis(D) @ FilF+! D¢;is(D). In general, whether a (¢,T')-
submodule P of D is critical or not depends on the Hodge-Tate weights of P (relative to the
Hodge-Tate weights of D).

LEMMA 2.24. Suppose that D is crystalline and that the Hodge-Tate weights k1 < ko < -+ < ky,
of D are distinct. Let P C D be a saturated (p,1")-submodule of rank m. The following are
equivalent:

(a) P is non-critical;
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(b) Dcris(P) D Fﬂkarl Dcris(D) = Dcris(D);'
(c) the Hodge-Tate weights of P are the lowest m weights;
(d) det P C A™D s non-critial.

PROOF. It is clear that (b) and (c) are equivalent and that (b) implies (a). Conversely, assume
that P is non-critical and choose k such that Deis(P) @ Fil® D¢yis(D) = Dgis(D). Since P is
crystalline (Lemma we get that d — m = dimg, Fil® D¢,is(D). Thus, by regularity of the
Hodge-Tate weights, we get Fil* Dgis(D) = Fil*m+1 Di5(D) and so (a) implies (b).

We only have to prove that (c) and (d) are equivalent. Notice that (c) is equivalent to the
single Hodge-Tate weight of det P being k1 + - - - + ky,,. Moreover, even though A" D need not have
distinct Hodge-Tate weights, the lowest weight ki + - - - + k,,, is multiplicity one, by the distinctness
of the k;. Thus det P has lowest weight ki + - - - + ky,, if and only if

Deris(det P) @ FilFitHhkm—1tkmis (AT D) = Deyis(AN™ D).
This shows the conclusion. O

Notice that the lemma provides us with a way to check that an entire triangulation is non-
critical.

EXAMPLE 2.25. Suppose that D = D,i(V) with V' a crystalline representation with regular
Hodge-Tate weights k1 < ko < --- < k. Suppose as well that we order the eigenvalues (¢1, ..., dy)
of ¢ acting on Deis(D) such that

vp(¢1) < ko
Up(p1 -+ @) < k1 + - kim1 + kig1.
Then, the refinement (or, rather, triangulation) defined by (¢1,...,¢,) is non-critical. Indeed,

D¢;is(D) is weakly admissible since it comes from a crystalline Galois representation. This implies
that the ¢-stable line Deps(D)#=%1 defines a Hodge weight

s1 < Up((bl) < ks.
Since s1 must be some weight k; it follows that s; = k1. Similarly, s; = k; for each i. We refer to

the ordering (¢1,...,¢,) and V as being numerically non-critical (see [5, Remark 2.4.6] as well).

Finally, we end this subsection with a construction that isolates out the pieces of a triangulation
which we will expect to vary in p-adic families. We continue to let D be a crystalline (¢, I')-module
of rank n.

DEFINITION. Let P be a triangulation of D. We let
I .= {i: P; is non-critical} = {i; <i2 < ... <is}.
We define the maxzimal non-critical parabolization P™ as the filtration
P“COQP” -,C«-P’LQ gngS:D
The remarks preceding Lemma show that we are justified in knowing that the top index
is gives D. At least in the case of a (¢,I')-module D which has regular weights, we see that an
alternative definition is that P; is a step in the filtration P"¢ if and only if the weights of P; are

the lowest possible ones. The definition of non-critical/critical for a single (¢, I')-submodule of D
extends to triangulations.

DEFINITION. Suppose that P is a triangulation of D. Then, we say that P is non-critical if
Pr¢ = P. Otherwise, we say that P is critical. At the opposite end, we say that P is fully critical
if P"° is the trivial filtration 0 C D.
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In Example we saw that if D is crystalline of rank two then D is non-split if and only if both
possible triangulations are non-critical. The use of the word maximal in the previous definition is
justified by the following lemma.

LEMMA 2.26. Suppose P is a triangulation of D and fix 1 < j < n. Then, the induced triangu-
lation on Grj P is fully critical.

PROOF. Let P have non-critial jumps {i; < iz <...<is}. The induced triangulation on
Gr; P" = P,/ P;;_, is given by
0C Py +1/P;, - CP—1/P;_, CP,/P,_, = Grj P™.

= =

Since P;; and P;;_, are non-critical, there are integers k' < k such that

Dexis(Gr; P™) = (Dms(D) / Filk DmS(D)) / (Dms(D) /Fil? Dcris(D))
= Fil¥ Deyis(D)/ FilF Deyis(D).
Thus if &' < m < k we have that
Deyis(Grj P")/ Fil™ Dyyis(Grj P™¢) = Fil®’ Deyis(D)/ Fil'™ Deyis(D).
Now suppose that i;_1 < r <i;. Then,
Daris(Py/P;;_,) = Fil¥ Deyi(D)/ Fil™ Deyig(D)
if and only if
Dexis(P,) = Fil* Degig(D)/ Fil™ Deyis(D) @ Deyis (D)/ Fil® Deyis (D)
= Deyis(D)/ Fil'™ Deyis(D).
Since P, is assumed to be critical, this is impossible. ]

REMARK. In the case of regular weight, one could use the description given in Lemma to
see the result above immediately.

2.3.2. Some cohomology computations of triangulated (¢,I')-modules. To end this
chapter, we are going to collect some easy calculations of the cohomology of trianguline (¢, I")-
modules. These will provide us with a reference to call on for our later study of families of (¢, I')-
modules.

Recall that the computations of Colmez and Liu (Proposition give us completely the co-
homology of all the rank one (¢, T")-modules. Thus, in most cases, we can compute the cohomology
of a trianguline (¢, ')-module. Recall that we defined the generic characters T y on page They
are all the characters § : Q, — L* which are not of the form z=J for j > 0 or |z]| 2% fori > 1.

DEFINITION. Let D be a trianguline (¢, I')-module. We say that D is almost generic if there is
a triangulation P of D such that the associated parameter is of the form (84, ...,0,) where 6; € %

and §; € fg for j > 2. Any parameter which satisfies this condition we call an almost generic
parameter for D and we say that D is almost generic with respect to this parameter.

EXAMPLE 2.27. If D is a rank two trianguline (¢, I')-module which sits as an extension
0—RL(01) = D — Rr(d2) — 0,

and 6207 € fq then D(6;") is almost generic with respect to the parameter (1,267 "). In fact,
this is how we will most often use the definition.
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LEMMA 2.28. Suppose that D is almost generic and choose an almost generic parameter (91, ..., dp)

for D. Then,
dim H°(R(61)) ifj=0
dimy, H(D) = { n+dim H*(Ry(6,)) ifj =1
0 if j =2
ProoFr. By the almost generic assumption and Proposition [2.13| we have that
H(RL(5))) = H*(R1(55)) = (0), j=2...,m,
and

H*(Rp(61)) = (0).
In particular, if P is the associated triangulation then it follows by induction that

o H*(D) = (0),
o H(R.(61)) — H(D), and
e for each i = 2,...,n there is a short exact sequence

0— H'Y(P_1) —» HY(P) — L — 0.

The first two points cover the j = 0 and j = 2 computations. The case of j = 1 follows from
the third point by induction on i and using that dimy; H'(R.(61)) = 1 + dimy H*(R(d1)) since
§ € 2% O

We also have the following computation that will be used in Chapter 4] (see Lemma [4.15]).

LEMMA 2.29. Suppose that D is a crystalline (¢,T')-module of rank n with distinct crystalline
eigenvalues. Choose a triangulation P for D and denote its parameter by (91, ...,0,). Assume that
the lowest Hodge-Tate weight k of D is simple and choose i such that wt(0;) = k. Then, P; is split
P =P, 1 ®&RL(0;).

PrROOF. By Lemma each step P; of P is crystalline. The (¢, I')-module P; defines an
extension class in H} (Pi—1(6;1)). We claim that this group is zero.

It follows from the distinctness of the crystalline eigenvalues and Proposition that if ¢ # j
then

dimL Hom(%p) ('RL((S%), RL(éj)) = (0)
In particular, dimz H%(P;_1(5;')) = (0). By Proposition we deduce that the dimension
dimp, H} (Pl-_l(éi_l)) is the number of negative Hodge-Tate weights of the (¢, I')-module Pi_l(éi_l).
By the choice of i, there are none and thus H}(Pi_l(éi_l)) = (0). O
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CHAPTER 3

Deformation theory of (¢, I')-modules

We are now going to shift our focus towards the deformation theory of (¢, I')-modules. That is,
we fix a (p,I')-module Ry, and study lifts of D to finite L-algebras (for specifics, see below). Our
purpose is to develop and study deformation problems which will give, following Chapters [4] and
upper bounds on the dimensions of tangent spaces of p-adic families.

Our first goal will be to recall the setup of Mazur’s deformation theory [48]. The theory under
discussion was developed for Galois representations, but, we work instead with (¢, I')-modules. We
do not claim to give any original ideas to the setup, but we hope that the reader will enjoy a rather
self-contained exposition of the formalism. In particular, we carefully explain the definitions of
tangent spaces and we will recall the deformation conditions arising from p-adic Hodge theory.

Our second goal in this chapter is to explain two deformation conditions which occur in p-adic
families and to give estimates for the size of their deformation rings. The first such condition is the
paraboline deformation condition. This is a direct generalization of the trianguline deformations
studied in [5, Chapter 2]. However, for all the results of Chapter [5| which cannot be deduced
from loc. cit. already, the paraboline deformations will not be enough. Thus, we study an extra
deformation condition which we have coined Kisin-type. At non-critical points in a family, the
Kisin-type deformations are the same as the trianguline deformations but at critically points, it
imposes an extra condition. Putting the two conditions together, we are able to prove a theorem
contingent on the computation of Kisin-type deformations rings in the fully critical case (recall the
definition on page . We include two such computations in

Throughout this chapter, we denote by AR, the category of local Artin L-algebras with residue
field L. For a ring morphism A — A’ to be a morphism in AR}, it must induce the identity map
on the residue fields. The typical element of ARy, to keep in mind is L[[z]]/(z") and when n = 2
we denote this ring, called the dual numbers, by L[e]. Since we are going to use this notation in
let us denoteE] by €1, the category of complete local noetherian L-algebras with residue field
L. We restrict morphisms as before. If A € ¢; with maximal ideal m4 then A/m’ is an element
of ARy, for allm > 1 and A = hin Ajm’.

3.1. Functors on R,

In order to not multiply statements in the sequel, we feel it is necessary to make precise what
we will mean about representability. We also make an abstract definition of the Zariski tangent
space. Fix a functor X : AR — Set.

DEFINITION. We say that X is pro-representable if there exists an element R € €, such that
Homg, (R, A) = X(A)
for all A in AR},

IFor the reader interested in the taxonomy, the letter ‘C’ stands for coefficient, as in coefficient ring. This was
the original terminology used by Mazur. The use of ‘AR’ is something I picked up from Kisin’s work.
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We could extend the functor X to a functor Xg : €7, — Set by the formula
(3.1) Zo(4) = lim X(4/m}).

In that case, X is pro-representable if and only if Xg is representable in €y, in the usual sense.
Thus, we hereafter drop the ‘pro’ part of pro-representable and just refer to functors on 2R} as
being representable.

REMARK. In many cases, one actually begins with a functor X¢ on €, satisfying with
X = f{o‘m%*in this case we call Xy continuous. For example, all of the deformation functors
coming from Galois representations behave this way. However, this is not always the case. We
must restrict to only functors on AR, is because we have not considered (¢,I')-modules with
coefficients over a general element of €.

Suppose that A, B and C are elements of ARy and f : A — C, g : B — C are morphisms.
Then, the fibered product is defined as

Axc B:={(a,b) € Ax B: f(a) =g(b)}

and it isﬂ naturally an element of AR;. Clearly, a necessary condition for X to be representable is
that the natural map
(3.2) :{(A Xc B) — .’{(A) X%(C) :{(B)
is a bijection. Moreover, Grothendieck’s representability theorem [33] says that this is sufficient
provided

e X(L) is just a single element, and

e the Zariski tangent space X(L[e]) is a finite-dimensional L-vector space (it is a vector space

by a particular instance of (3.2)—see §3.2]).

Regardless of how hard the condition (3.2)) is to check, the questions we will be most interested
in are not necessarily those of representability, but rather relative representability. To define this,
suppose as well that X’ C X is a subfunctor.

DEFINITION. We say that X' is relatively representable if for all choices of A, B and C, the
diagram

(3.3) %/(A Xc B) I :{/(A) X x(C) :{/(B)

| J

X(AxcB)—— X(A) Xx(0) X(B)
1S cartesian.

We have the following other criterion to be relatively representable. Note that this forces one
to check (3.2)) for now a huge set of functors. In the case of deformations of (p, I')-modules, we will
have a much short criterion (see Proposition [3.4)

PROPOSITION 3.1. Let X' C X be a subfunctor. Then, X' is relatively representable if and only
if for every representable functor Q) : AR — Set and morphism Y — X, the functor Q' := X' xx2)
1s representable.

Proor. This follows easily from the definitions of fiber products and Grothendieck’s theorem.
O
2This statement is false for €1, see [49] p. 270].
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3.2. A bestiary of deformation problems

We now specialize to the case of (¢,I')-modules. Fix L/Q, a p-adic field. Unless specified, all
(¢, I')-modules are over Rz. We will use D to denote a (¢, I')-module.

DEFINITION. Let D be a (p,I')-module over Ry. A deformation D4 to A is a (¢, I')-module
over R4 and an isomorphism m: Dy @4 L = D of (p,I')-modules.

If (Da,7) and (D'y,n") are two deformations of D then a morphism D 4 £, D', is a morphism
of (p,I')-modules over R4 making the diagram

Di—1 D,

N

commute. Two deformations are equivalent if there is an isomorphism between them.

If A € AR we denote by
Xp(A) = {deformations Dy of D to A} / = .

If A — A’ is a map in AR, and Dy is a deformation of D to A then Dy = Dy ®4 A is a
deformation of D to A’. Thus Xp defines a functor Xp : ARy — Set called the deformation
functor of D. If V' is an L-linear representation of Gq, then we also have the formal deformation
functor Xy : AR — Set defined by Mazur. Recall that by Proposition for any element A
of AR, the category of A-linear representations of Gq, is equivalent to a subcategory of (¢,T')-
modules over A.

LEMMA 3.2. The functor Dy induces a natural transformation

Xv Deig XD (v)

which is an isomorphism of functors AR — Set.

PRrOOF. The only point we have to make is that if D, is a deformation of D = D;s(V') to A
then D4 arises from a Galois representation. However, if we choose a composition series for A as
a module over itself we see immediately that D 4 is a successive extension of D by itself. Then, by
Proposition we have that D4 corresponds to a Galois representation. O

We explain now the Zariski tangent space associated to the functor Xp and then give some
examples of relatively representable subfunctors coming from p-adic Hodge theory. However, in
order to make sense of the tangent space without a representability hypothesis we need the “tangent
space hypothesis” (Ty) in notation of Mazur [49] §18] (see also the proof of Proposition 23.3(a) in
loc. cit.).

LEMMA 3.3. Suppose that D is a (¢,T')-module over Ry. Then (3.2) holds for X = Xp,
A=B=1Lf] and C = L.

ProoF. THis is deduced in the course of [16]. As it is only a small part of that proof, we
include an argument for the reader here. Let A = L[e] x, L[¢]. Let us denote the map (3.2) by

p=(p1, p2) : Xp(A) — Xp(L[e]) x Xp(L[e]).

Suppose that (D1, Do) is in the target of u. We need to define the structure of (¢, I')-module on
D ®1, A which projects onto the structures for D;. To this, consider a basis e; for D as a (¢, I')-

module—we get a basis e; ® 1 for D ®y, A and D;. If x € {¢,~ € I'} denote MY e Mn(Rrpj) the
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matrix for z acting on D; in the basis {e; ® 1}, for i = 1,2. If we know that MY = M mod e

for each z then the pairs (Mé”, MQEQ)) define elements of M,,(R4) which give rise to a sufficient
(¢, I')-module structure on D ®7, A. We claim that replacing D; by an isomorphic deformation,
we can always achieve this. Indeed, since we have identifications Dq/eD; = D = Dy/eDy (by
definition of fibered product) we have an element f € GL,(Rz) which appropriately intertwines

Ma(cl) with Mgg2) modulo . But, L[e] — L admits a section and so we can lift the element f to
replace Mél) by z( f)Mél) f~! to define an isomorphic deformation Dy and such that D; and Ds
have the same (¢, I')-module structures modulo ¢, as we claimed.

Now suppose that D and D’ are elements of Xp(A) such that p(D) = p(D'). Then for i = 1,2
there exists an isomorphism f; : ui(D) — pi(D') of (p,T')-modules over Rpf such that f; =
id mode. After choosing a basis for D and D’ over R 4, we can see f; as an element of GL,, (R Lle)-
Since we obviously have

GLn(RA) = GLn(RL[a]) XGLn(RL) GLn(RL[a])

we can see the element (f1, f2) as an element f € GL,(R4). Indeed, they each are the identity in
GL,(Rr). Then (remember we chose this basis) the element f provides us with an isomorphism

for D with D'. O

Following this result there is now a canonical structure of L-vector space on the set Xp(L[¢]).
First, if o € L then the map
a+ be — a+ abe : Lg] — Lig]

morphism in AR, and thus defines by functoriality a scalar multiplication
a: Xp(Lle]) — Xp(L[e]).
This didn’t require Lemma [3.3] We have as well the morphism
(a+be,a+ce) — a+ (b+c)e: L] x1, Lle] = LIe]
inside AR y. Thus by functoriality and Lemma [3.3] we have a morphism

Xp(Lle]) x Xp(Lle]) = Xp(Lle] x1 Lle]) = Xp(L[e])

which defines addition. The two operations put the structure of vector space on Xp(L[e]). Notice
that the zero object in this vector space is the constant deformationﬂ D & D where ¢ acts trivially.

DEFINITION. The Zariski tangent space to the deformation space Xp of D is tp := Xp(L[e]).

REMARK. Notice that if X’ € Xp is a subfunctor which is relatively representable then the
natural map
X'(Lle] x 1 Lle]) — X'(L[e]) x X'(L[e])
is still a bijection (this follows from X’ satisfying (3.3))). In particular, tz := X'(L[e]) is closed
under addition and thus defines a subspace tp. We refer to it as the Zariski tangent space of the
subfunctor X'.

As with the case of Galois representations we have the realization of tp as a certain Galois
cohomology group. We denote by ad D the adjoint (¢, I')-module

ad D = EndRL(D) =D QRy DV.
3Be warned, there is some ambiguity in the use of the word “split” because of this. On the one hand, we might

see D inside H'(ad D) (see below) and call it split if it is zero, i.e. the trivia deformation D @ D. On the other hand,
it might also be “split” in the sense that it is a sum of characters. We hope that the context makes this clear.
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If D is an element of tp then since L[e] has a composition series 0 — L — L[e] — L — 0 we sce
that D sits inside a short exact sequence

O—>D—>l~)—>D—>O

of (¢,T')-modules over Rp; the submodule is identified with eD and the quotient with D / eD. This
defines isomorphisms

(3.4) tp = Ext(, (D, D) = H'(ad D).

In the future, we will use both the cohomological description and the realization as extension classes
to study tp. For example, notice now that we we can reasonably expect to calculate tp using the
Euler-Poincaré-Tate characteristic formula (Proposition .

So far we have not described when we can expect to get a representable object out of the theory
of deforming (¢, I')-modules. For that we have the following criterion:

PROPOSITION 3.4. To check that X' C X is relatively representable it suffices to show:
(i) if f: A— A and an element Da € Xp(A) is in X'(A) then Da := Da @4 A" € X'(4') as

well,
(ii) The case of (3.3) where C = L, and
(1ii) If f: A — A is injective and Dy € Xp(A) such that Dy @4 A" € X'(A’) then Dy € X'(A).

PROOF. The proof of this relies on Schlessinger’s criterion and is explained in [49] §23] but see
also the proof of [5, Proposition 2.3.9]. 0

We now begin now giving examples of relatively representable deformation problems. In each
case, we compute as well the corresponding Zariski tangent space.

3.2.1. Deformations arising from p-adic Hodge theory. Suppose first that D is Hodge-
Tate and let k£ be a Hodge-Tate weight of D. For simplicity let us assume that £ has multiplicity
one. If Dy is a deformation of D to A then there is some Hodge-Tate-Sen weight k € A such that
k =k mod my. We say that D4 has a constant weight k if kK = k. We then define

XK (A) ={D4 € ¥p(A): D4 has constant Hodge-Tate-Sen weight &} .

Since Z C A for all A we clearly see that .’{’B satisfies the conditions of Proposition Thus %’f)
is a relatively representable subfunctor of Xp.

To compute its Zariski tangent space, we revisit the definitions given in Let D € xk (L[e])
be a deformation of D in the tangent space. We denote by Dgep (5)(k) the generalized eigenspace
for the operator ©gen, with respect to the eigenvalue k (everything is seen over Qp(jpe). Since
Dsen(—)(—) is exact we have

(3.5) 0 — Dsen(D)x) — Dsen(D) () — Dsen(D) () — 0.

Then, by definition we have that D has k as a Hodge-Tate-Sen weight if and only if (3.5 is split.
Thus,

tlf) = ker (Hl(ad D) — EXt(lQp(p,poo)[F] (DSen(D)(k)v DSen(D)(k)))

The domain of the above arrow is easily seen to be one-dimensional.
Suppose now that D is a de Rham (¢, I')-module. Then, we define Xp , C Xp as the subset

%D,Q(A) = {DA S %D(A): D4 is de Rham} .
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Notice that this actually defines a subfunctor. Further, it is closed under direct sum and we
remarked in Lemma [2.11] that it was closed under subobjects. Similarly, if D is crystalline then we
have a subfunctor
Xp,f(A) ={Da € Xp(A): D4 is crystalline} .

Just as before, this is also a functor which is closed under subobjects and direct sums in the
sense above. It follows from Proposition @ that the functors Xp, and Xp ; define relatively
representable subfunctors of Xp (whenever they are defined).

In particular, we can define their Zariski tangent spaces tp 4 and tp ;. It follows from Proposi-
tion [2.17] that we have isomorphisms

tpg = H,(ad D), and
tp,y = H(ad D),
at least when they are defined. The following computes the exact size of these tangent spaces.

PROPOSITION 3.5. Suppose that D is crystalline with Hodge-Tate weights ki, ..., k, (possibly
with multiplicty). Then,

dimj, tDJ = dimy, End(%p)(D) + # {(Z,j) ki < kj}

and
dimp, tD»g = dim tD,f + dim Dcris(D)So:p + dim Dqyig (D)¢:p71 .
Proor. All of these follow from Proposition applied to ad D = D @, DV. 0

The case we will most often is the following corollary.

COROLLARY 3.6. If D is crystalline as a (p,T')-module with distinct Hodge-Tate weights then

. . n(n—1
dim tpyf = dlmL End(%p)(D) =+ (2)
PRrOOF. Since the Hodge-Tate weights are distinct exactly (g) of the differences k; — k; will be
negative. Thus, we conclude from Proposition [3.5 O

3.2.2. Paraboline deformations. We now go on to explain the theory of paraboline defor-
mations. Recall in §2.3| we described what it means to have a parabolization of a (¢, I")-module
D4 over an element A in ARy. Let D be a (¢,I')-module over Ry, and P a parabolization of D.

DEFINITION. If D4 is a deformation of D to A then we say that D s is a paraboline deformation
with respect to P provided there is a parabolization Pa of D4 such that the isomorphism m: D ® 4
L — D induces an isomorphism Py ; ® 4 L = P; for each i.

The paraboline deformations define a functor Xp p : AR — Set on points by
Xp.p(A) ={Ds € Xp(A): D4 is a paraboline deformation with respect to P}.

Note that it is a functor. However, it is not clear (or true in general) that it is a subfunctor. Even
in the case that it is a subfunctor, there is still work to show that it is relatively representable.
These are our two mains goals, but first we give some examples.

EXAMPLE 3.7. Let P to be the trivial parabolization 0 C D. Then we clearly have that
Xpp=Xp.

EXAMPLE 3.8. Let P be a triangulation. The study of the deformation functors Xp p was
one of the main topics of [5]. The authors of loc. cit. showed that trianguline deformations
naturally appear infinitesimally in p-adic families. We will show in Theorem [4.13| and §4.3.1] that
p-adic families carry large open loci of trianguline deformations, recovering the Bellaiche-Chenevier
result.
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The more general paraboline deformations, and many of the computations below, are discussed
in [16]. However we include the proofs of many results since we are implicitly working towards
critical triangulations and thus our hypotheses are slightly different. Before continuing, we need to
set up some notation.

Given a parabolization P of length s, we set

Endp(D) ={f € Endgr,(D): f(P;) C Pjfor j=1,...,s}.
Then, this is a (¢, I')-submodule and a direct summand of Endg, (D) as an Ry-module. Note that
H°(Endp(D)) = {f € End(,1)(D): f(Pj) C Pjfor j=1,...,s}.

We will always use the notation Gr; P to denote the associated graded P;/P;_;. The answer to
the question of Xp p being a subfunctor is given by the following result (see [5, Proposition 2.3.6]
as well).

LEMMA 3.9. Assume that Hom, ry(Gr; P,D/P;) = (0) for j = 1,...,s. Then, Xpp is a
subfunctor of Xp.

PROOF. By induction on the length of P, we must show that if D 4 is a paraboline deformation
with respect to P, with parabolization P4, then Py ; is uniquely determined as a (¢, I')-submodule
of Dy. Let m := rank P, and suppose that ﬁl is a rank m saturated (¢, I')-submodule of Dy
deforming P;. We claim that N

HOIH(%F) (Pl, DA/PAJ) = (0)

If so, we see that ]51 C P4,1. Since each of ]51 and Py are saturated inside D4 of the same rank,
we are done.
To prove the claim, we begin with the hypothesis that Hom, (P, D/P) = (0). Since
D /Py is a successive extension of D /Py by itself we see easily, by the left exactness of Hom,, 1 (P, —),
that
Hom(%p) (Pl, DA/PA71) = (0)

Now apply the same argument to the first coordinate: ]51 is a successive extension of P; by itself

and so left-exactness of Hom(%p)(—, D4 /P4, ) finishes the claim. O

EXAMPLE 3.10. Assume that P is a triangulation with parameter (1, .. .,d,) such that §; ', ¢
ST if i < j (this is the hypothesis in [5, Proposition 2.3.6]). In that case, if P’ is any subparabo-
lization of P then the hypothesis of Lemma is true for P’. For example, we could apply this to
P/ — PnC.

REMARK. The condition in Lemma [3.9] is obviously necessary. Indeed, suppose that D =
R (0)®% with basis e; and ey giving a triangulation 0 C Rre; € D. Then, if we consider the
constant deformation D ®j, L[], we have many triangulations deforming the one downstairs. For
example, we have the two 0 C Ry (e1) & Dr and 0 C Ry (e1 +ecea) S Dy

We now moves towards the relative representability of Xp p. Our method of proving that Xp p
is relatively representable is to make use of the criterion in Proposition In order to explain
the validity of point (iii) in loc. cit. however, we have to make a short detour into a discussion
of irreducible (¢,T')-modules. The final proof of relative representability will be given in Theorem
3.25]

Recall that by Proposition a finitely generated module D over Ry is free if and only if it is
torsion-free. We will use this constantly without further comment.

DEFINITION. A (p,T')-module D over Ry, is irreducible if the only proper, saturated, submodule
1s the zero module.
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LEMMA 3.11. Let D be a (p,I')-module over Ry,. The following are equivalent:

(a) D is irreducible;

(b) for every submodule Dy C D either Dy = (0) or D/Dyg is a torsion (¢,I')-module;

(c) for every submodule Dy C D either Dy = (0) or there exists ann >> 0 such that t"D C Dj.

PROOF. The equivalence of (a) and (b) is the definition of irreducible and saturated. The
equivalence of (b) and (c) follows from Corollary O

Throughout the rest of the section we use D to denote a (¢,I")-module and we will prefer to
use 7 to denote an irreducible (¢, I')-module. We have the following version of Schur’s lemma.

LEMMA 3.12. Suppose that © and 7' are two irreducible (o,T')-modules. If a : # — 7' is a
morphism then either « = 0 or « is injective and a[1/t] is an isomorphism.

PRrROOF. If « is not injective then ker o is a non-zero saturated submodule of 7. By the ir-
reduciblity of m we deduce that o = 0. Now suppose that « is injective. In that case, 7 is a
(p,T')-module of 7’ and the irreducibility of 7’ implies that 7/7" is ¢-torsion by Lemma and
the result now follows. 0

LEMMA 3.13. Suppose that 7 is irreducible and ©" C 7 is any submodule. Then, 7' is also
irreducible.

Proor. If 7”7 C 7’ then we have /7" C w/n". As 7 is irreducible, 7/7" is pure ¢-torsion and
thus so is ' /7”. So, the result follows from Lemma O

ExampLE 3.14. If 6 : Q; — L™ be a continuous character then the rank one (¢, I')-module
m = Rp(d) is irreducible. Indeed, it follows from Proposition that the only submodules are of
the form t"Rp(d) with » > 0.

The previous results and the rank one example leads us to give the following equivalence relation
on irreducible modules.

DEFINITION. Let 7w and 7 be irreducible (p,T')-modules. We say that © and 7' are equivalent,
and write © ~ 7', if the (p,T')-modules w[1/t] and 7'[1/t] over Ri[1/t] are isomorphic.

Notice that this is clearly an equivalence relation on the set of irreducible (¢, I')-modules. The
R -rank is constant on each equivalence class.

LEMMA 3.15. Given two irreducible (¢,T")-modules m and w, we have m ~ 7' if and only if there
exists integers r > s € Z and inclusions t'm — 7' < t57 whose composition t"w — t57 is the
identity.

PROOF. This follows immediately from the definition and the fact that = (resp. 7’) is a finitely
generated Rz-submodule of 7[1/t] (resp. 7'[1/t]). O

LEMMA 3.16. Suppose that m C D is a submodule. Then, 7 is irreducible if and only if its

saturation ™ is irreducible. In particular, 7 is equivalent to an irreducible, saturated, submodule
of D.

ProoOF. If 7% is irreducible then so is 7 by Lemma Suppose that 7 is irreducible and
that 7' C 7% is a proper, saturated, submodule. By definition of the saturation, we can choose
an r >> 0 such that "7 C 7. Since t"7% is irreducible (by Lemma again) it follows that
t"" = (0) and thus 7’ = (0). O

DEFINITION. Let D be a (p,I')-module. We say that an irreducible (¢,I')-module m is an
irreducible constituent of D if there exists a (o,T')-submodule D' C D and a surjection D' — .
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Notice that we don’t a priori require D’ to be a saturated submodule.

PROPOSITION 3.17. The following are equivalent.

(a) m is an irreducible constituent of D.

(b) There exists a saturated submodule D' C D and a surjection D' — 7’ for some irreducible
(p,T')-module 7' which is equivalent to .

(c) There exists a quotient D — D" of (o, T')-modules such that m — D".

(d) There ezists a quotient D — D" of (¢,T')-modules and an irreducible submodule 7" < D"
which is saturated and 7' is equivalent to .

PROOF. Starting at the bottom, (d) is equivalent to (c) by Lemma (take 7" to be the
saturation of 7 inside D”). Moving to the top, obviously (b) implies (a). To see the reverse
implication we choose D' C D with 7 being a quotient of D’. Consider (D)% C D. Notice that
the map D' — m defines a map (D)% — w[1/t]. Since (D’)%*" is a (¢, T')-module, the image 7’ is
a (¢, I')-module necessarily equivalent to 7 by Lemma

It remains to prove (b) is equivalent to (d). First assume (b) and let D’ C D be a saturated
submodule such that 7’ is a quotient D'. We set D}, := ker (D" — 7). Since Dj, is saturated inside
D’ and D' is saturated inside Dj), the quotient D" := D/Dj is a (p,I')-module. Moreover,

' = D'/D} ¢ D/D}
is saturated, as the quotient is D/D’. Thus 7’ is a saturated submodule of the quotient D" of D,
which shows (d).
For the reverse, let us choose D" and 7’ as given in (d). Write D’ for
D" :=ker (D — D" /7).
Since 7’ is saturated inside D" we have that D’ is a (p,I')-submodule of D and thus free. We write
as well D, :=ker (D — D”). Then,
7' = D'/D} < D/D} = D"
Thus 7’ is a quotient of the saturated submodule D', which shows (b). t

REMARK. We note that while conditions (b) and (d) seem more natural, for flexibility and
clarity in our arguments we will often use the non-saturated versions (a) and (c) above.

ExAMPLE 3.18. The irreducible constituents of Ry are the (¢,I')-modules of the form t"Rp,
with » > 0. Thus, irreducible consituents are not unique, even for an irreducible (¢, I')-module.

We now consider the following situation. Let IT = {my,..., 75} be a list of irreducible (¢, T')-
modules. If m; = R (6;) is a character for each ¢ then we will write IT = {01,...,0s}.

DEFINITION. A (p,T')-module D is of type 11 if for every irreducible constituent w of D there
exists a w; € Il such that ™ ~ ;.

EXAMPLE 3.19. Let II = {¢}. The rank one modules of type II are all the modules R (z"J)
with r € Z.

PROPOSITION 3.20. Let D be a (p,T')-module.

(a) If Dy and D2 are submodules of D of type II then so is D1 + Do C D.

(b) If f : D — FE is a map of (¢,T")-modules and D' C D 1is of type 11 then so is E' = f(D’).

(¢) If D has type 11 and D' C D then D' has type 11 as well. If D/D’ is torsion then the
converse holds.

(d) If 0 = D' — D — D" — 0 is a short exact sequence and D' and D" are each of type 11
then so is D.
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PRrROOF. We first prove (a). Write D3 for the sum D + Dy. Note that it is still a (¢, I')-module
since it is finitely generated and torsion-free (being a submodule of D). Suppose that 7 is an
irreducible constituent of D3. Choose a (p,I')-submodule N3 C D3 and a surjection « : N3 —» 7.
Consider Ny := N3N D; C D;. Since 7 is irreducible, the image a(N1) C 7 is either zero or
an irreducible module 7’ ~ 7. If we are in the latter case, then by definition 7’ is an irreducible
constituent of Dy and thus n’ ~ 7; for some 4, since Dy is of type II. Thus 7 ~ ;.

Now suppose that a(N7) = (0). If that is the case then we consider a sequence of generalized
(¢, T')-modules

FE = N3/N1 =~ N3 —|—D1/D1 — D/D1 = DQ/DQ N Dy =: Es.

Recall we use the notation (—)¢or to denote Ry -torsion submodules. By assumption, 7 is a quotient
of the submodule Fy C FEs. Moreover, though neither of these are necessarily torsion-free we do
know that a(FEi o) = (0) since 7 is torsion-free. Thus 7 is a quotient of Ej fe.. Moreover,
E1tor = Eator N Eq and thus we have a natural inclusion Ej free C F2 free- Thus, 7 is a quotient
of a (¢,I')-submodule Ej fee of the (¢,I')-module E3 free. Since Ej gree is itself a quotient of the
(¢,I')-module Dy we have the 7 is an irreducible constituent of Dy. Since Dy is of type m, there
exists an ¢ such that © ~ ;.

Dispensing with (b) is easy. Let E' := f(D’) and suppose that m is an irreducible submodule
of a quotient E' — E”. Then, 7 is an irreducible submodule of a quotient D’ — E’ — E” and thus
m ~ m; for some i, since D’ has type II.

Consider part (c¢). Suppose that 7 is an irreducible constituent of D’. Thus there is a submodule
D" C D' such that 7 is a quotient of D”. Since D" is also a submodule of D and D is of type II we
have that m ~ m; for some i. As m was arbitrary, D’ has type II. In the case that D/D’ is torsion,
(D")** = D and there exists an r >> 0 such that t"D C D’. By the first implication of this part,
t"D is of type II. Then, if 7 is a constituent of D we get that t"7 is a constituent of ¢"D. Since
m ~ t"m the result follows from t" D being of type II.

Part (d) remains. Suppose that 7 is a constituent of D and choose @ C D such that 7 is a
quotient of Q. If the natural map 8 : QN D’ —  is non-zero then m ~ m; for some ¢ as D’ has type
II. If B is zero then we consider the free module

Q/QND' =Q+D'/D'c D/D'=D".

Since 7 is a quotient of the submodule, it is a constintuent of D” and so again we get that m ~ m;
for some 1. 0

We now move on to give our main examples.

DEFINITION. Let IT = {my,...,7s} be a list of irreducible (¢,T')-modules and let D be any
(¢, T')-module. We define Dy to be the largest (p,T')-submodule of D such that Dy is of type I1.

LEMMA 3.21. The association F1i(D) := Dy defines a left exact functor on (¢, T')-modules over
Rr.

PROOF. First, there exists a largest submodule Dy by part (a) above. Thus Fy is well-defined.
Second, Fyy is a functor by part (b) above. Indeed, if f : D — E is a map then f(Dy) is of type II
and thus f(Dr) C Er, by maximality of Fyy inside E.

It remains to check the exactness. Suppose that we have a SES 0 — D’ — D -2 D” — 0 and
consider the induced sequence of maps

0 — D}y — Dy % DI%.
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It is obviously exact on the left. To show that it is exact in the middle we have to show that
ker(g| Dn) C Df; (the other containment being trivial). However, ker(g| Dn) C Dpn D is a sub-

module of D’ of type II (by part (c) above) and thus this follows from maximality. O

Throughout the rest of this subsction, we use II to denote a list of irreducible (¢, I')-modules
M= {m,...,7s}

PROPOSITION 3.22. Let D be a (p,I")-module. Then Dy C D is saturated as a Rp-module.

PROOF. Let D' := (Dyp)®*. Since D’/Dry is torsion, D’ is of type II by Proposition c). By
the maximaility of Dy we deduce that D' = Dry. O

Now that we have gotten through our preliminaries on irreducible (¢, I')-modules and the notion
of having a type, we will work to prove the relative representability of paraboline deformation
functors.

PROPOSITION 3.23. Suppose that 7 is an irreducible (¢, I')-module. Then,

Fua () 7w if m~ 7' for some ' €11
i e
I 0 othwerise

ProoOF. By Proposition we have that Fyp(m) is saturated inside w. As 7 is irreducible, we
have that either Fy(7) is zero or 7 itself. Further, since 7 is an irreducible constituent of itself, we
clearly have m is of type II if and only if 7 is equivalent to a member of II. O

EXAMPLE 3.24. Recall that ST = {z77:j > 0}. F,3(RL(6)) = Re(6) if and only if (6n~H)*! €
S+,

Let D be a (¢,I')-module. If D is irreducible then it is of type {D}. Otherwise, there exists
a non-zero saturated submodule Dy C D. By induction on rankg, D we have that Dy contains a
non-zero irreducible submodule 7. Furthermore, by Lemma we can assume that 7 is saturated
inside Dg, and thus in D as well. By induction on the rank of D again we deduce that there exists
a finite list IIp = {m,...,ws} of irreducible (¢, I')-modules such that D is a successive extension of
m; by ;. Notice that the individuals members of the list are neither unique nor is the ordering of
a given list of irreducible constituents. However, since D is of type IIp any two ways of generating
the list IIp (in an apparent minimal sense) are the same up to reordering and ~. Finally, notice
that if D has the structure of a module over a commutative ring A then Fyj(D) inherits a natural
A-module structure as well.

THEOREM 3.25. Let D be a trianguline (,T')-module with triangulation P’ and parameter
(61, ..,0,) such that if i # j then §;'5; ¢ S*. Let P be any subparabolization of P'. Then,
e Hom(, r)(Gr; P,D/P;) = (0) for j =1,...,s and
e Xp, p is a relatively representable subfunctor of Xp.

PROOF. The hypothesis on the parameter §; implies that

Hom, r)(RL(d:), RL(65)) = (0)

if ¢ # j. It is easy to check by induction and dévissage that the first point is true. In particular,
Lemma implies that Xp p is a subfunctor of Xp. In order to prove that Xp p is relatively
representable we will use Proposition The first condition is clear: if Dy € Xp p(A) then
Py ®4 A’ is a parabolization of Dy deforming P.
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The second condition is explained in [16, Proposition 3.4] but we include the proof here for
convenience. Choose a basis % adapted to the triangulation P’. We have to show that if A, B €
AR, then the diagram

%DJD(A X B) —_— %Dyp(A) X %DJD(B)

| J

Xp(Axp B)—— Xp(A) x Xp(B)

is cartesian (recall that Xp(L) = {D} is a point). So, suppose that Dy, p is a deformation of D
such that D4 and Dp are both paraboline with respect to P. If S is any of the rings A x; B, A
or B then Dg = D ®r, S as a Rg-module and so we view 4 simultaneously as a Rg-basis of Dg.
Thus we may consider the matrices {[¢pg]|, [vpg]2z}. We use * to denote either ¢ or 7. We have

that [xp,,, 5|z = ([xD4l@, [*Dplz) inside
(3.6) GLn(Rax,5) = GLa(Ra) Xar,(—y) GLn(Rp).

Denote by R(S) (this is the notation of loc. cit.) the elements of GL,,(Rg) which are block upper
triangular with block sizes given in order by the parabolization P. It is evident from that
R(Ax B) = R(A) x gy R(B). Denote as well R'(S) = ker(R(S) — R(L)). Now, what we are told
(by asking that D4 and Dp are paraboline) is that there are elements 74 € R'(A) and rp € R'(B)
such that [*p,|,,# and [*p,],,2 are in R(A) x R(B). Since r4 mod my = rp mod mp (both are
the identity) we get that the pair (ra,rp) defines an element of 745, 5 € R'(A x1, B). Moreover,
we have that [*DAXLB]TAXLB@ € R(A x, B) and thus D4y, p is a paraboline deformation.

We now move on to the third condition of Proposition We need to assume that A C A,
that D4 is a deformation of D to A and that Dy := Dy ®4 A’ is a paraboline deformation of
D with respect to P. Our conclusion should be that D4 was paraboline already. It suffices by
induction on the rank of D to just treat the case of a single step 0 C P; € D. Consider the
set IT = {61,...,0;} of irreducible constituents for P;. By our assumption on the parameter and
Example we have that for each j =4+ 1,...,n that F;(6;) = (0). Thus, by the left exactness
of Fi1 we have Fii(D/P;) = (0) and P; = Fi(P;) = Fu(D).

Now consider the deformation D, and its constant scalar extension Dy = Dy ®4 A’. By
assumption we have that there exists a saturated (¢, I')-submodule P; 4+ C D4 deforming P;. By
the left exactness of Fi1 we have that Fii(Da//P; 4/) = (0) and P; 4 = Fii(P; a) = Fri(Dar) is free
over R 4. Furthermore, if M is any finite length A-module then Dy ® 4 M is a (¢, I')-module over
Ry (as M is a vector space over L) and

(3.7) rankg, Fi1(Da ®a M) <ilensg(M).

This follows from considering a composition series for M as an A-module and the left exactness of
F11. Consider the short exact sequence

0 — Fri(Da) — Fru(Da) — Fi(Da ®4 A//A).

The middle term is a (¢, I')-module of rank exactly rankg, P; 4 = ileng A" and the final term has
rank at most i(leny A’ —leny A) by . Thus Fri(D4) has rank at least ileng A. Applying
for an upper bound, we get that Fi1(D4) is a (¢, I')-module over Ry, of rank ileny A.

Next, Propositionimplies that since Fip(D4) is saturated as a R -module inside D 4. Thus,
the same must be true of the image of Fij(D4) ®4 L inside Dy ®4 L = D. Indeed, D4/Fr1(Da)
is a successive extension of coker(Fir(D4) ®4 L — D) by itself and taking torsion is left exact.
Since rankg, Fi1(Da) ®4 L =i we deduce that the image of Fij(Da) ®4 L inside D is a saturated
(¢, T')-submodule of rank i and type II; it follows from this that the natural map Fi(Da) — P
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is surjective. It must also be injective as the two objects have the same rank over Ry. Thus,
Fri(D4) ®4 L = P;. Finally, we consider the exact sequence

0— Fri(Da) = Dg — Da/F(Dy) — 0.
As the sequence remains exact over the residue field L (by what we just said) we deduce that
Tor{!(Da/Fr(D4), L) = Tor{(F(D4), L) = (0)

and everything in sight is free over A. Finally by [5, Lemma 2.2.3(ii)] we deduce that Fii(D4) is a
(¢, I')-module over R 4 (as it free of finite rank over Ry, and free over A). Thus D4 is a paraboline
deformation of D with respect to P; C D. O

COROLLARY 3.26. Suppose that D is a crystalline (p,I')-module with distinct crystalline eigen-
values. Then, for any parabolization P of D we have that Xp p C Xp is a relatively representable
subfunctor.

Proor. By Proposition any parabolization of a crystalline (¢, ')-module can be realized
as a subparabolization of a triangulation. Thus Theorem [3.25| implies that it is enough to show
that for any triangulation P’ with parameter (&1, ...,d,), we have §;0; " ¢ S+,

Let P’ be any triangulation of D. The dictionary of Proposition tells us that the parameter
is given by d; = z % unr(¢;) for some orderings (¢1,...,¢,) of the crystalline eigenvalues and
(81,...,5pn) of the Hodge-Tate weights. Thus 52-5;1 = 2% Si unr(¢i¢j_1) ¢ S+ unless ¢i=¢;. O

REMARK. If P* C D is a saturated (i, T')-submodule such that Fi,, (D/P*) = (0) then the
same proof will show that Xp p+ — Xp satisfies Proposition as well.

We now have, under a regularity hypothesis, a tangent space tp p C tp whose dimension we
will compute. Recall that we previously defined the Rz-module Endp(D). Choosing a basis of D,
adapated to the filtration P, we realize any element of Endp(D) as a block upper triangular matrix
in M, (Rp) (the blocks being the successive ranks of each step P; in P). In particular, we see easily
then that

(3.8) rankg, Endp(D) = Z ning, n; := rankg, P;.
1<j
On the other hand, under the identification(s) (3.4) one has (see [16], Proposition 3.6]) that there

is a commuting diagram

tp —— H'(Endg, (D)) .

T |

tp,p —— H'(Endp(D))
This gives us the following formula.

PROPOSITION 3.27. Assume that D is a crystalline (@, I')-module with distinct crystalline eigen-
values. Let P be a parabolization of D and let n; = rankg, P;. Then,

dimp, tpp =Y nin; + dimg, End, 1y (D) + dimz, H*(Endp(D)).
1<j
PROOF. Notice that if we replace End, r)(D) by End, 1y p(D) then this is a consequence of
the Euler-Poincaré-Tate characteristic formula, Proposition and . Thus, it suffices to show
that End(, r) p(D) = End(, (D), i.e. we need to prove that if f : D — D is (¢, I')-equivariant
then f(P;) C P; for all j. We prove this by induction on j. Notice that by assumption on D we
have that Hom, ry(Gr; P, D/P;) = (0).
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If 5 = 1 then by hypothesis we have that composite

P —2D—D/P
must be the zero map. Thus f(P;) C P;. Suppose that we have ~shown the claim for j — 1. In that
case, f necessarily defines a well-define (¢, I')-equivariant map f : D/P;_1 — D/P;j_;. Just as in
the previous case, the composite

7| Gr,;

Gr; P 3" D/P;_| - D/P;
must be the zero map and thus f(Gr; P) C Gr;j P, which implies that f(P;) C P;. O

As an example of the vanishing of the final term in the above summation, we have the following
result.

PROPOSITION 3.28. Suppose that D is a crystalline (p,I")-module such that for any two eigen-

values ¢ and ¢’ of ¢ acting on Dis(D) we have ¢ # pg'. Then, for any parabolization P of D we
have H?(Endp(D)) = (0).

PRrOOF. Since Endp(D) C Endg, (D) is a direct summand as a Rp-module, the crystalline
eigenvalues of Endp(D) are all of the form ¢—'¢’ for ¢ and ¢’ crystalline eigenvalues of Deyis(D).

Choose any triangulation of D (it is crystalline, so there are many) and let its parameter be
(01,...,0p). Then, the hypothesis on the eigenvalues implies that H2(z’”5z-6j_1) = (0) for all ¢, 5 and
r € Z. Since Endg, (D) is trianguline with a parameter (515;1)1,% Endp(D) is trianguline as well,
with a parameter of the form (2" 52-5;1) with r;; € Z. In any case, the first half of this paragraph
implies that H?(Endp(D)) = (0). O

We finish our discussion of paraboline deformations by pushing towards what more one can say
about the interaction between paraboline deformations and other deformation functors. Here, for
the first time in this section, we see that the role that non-criticality plays.

PROPOSITION 3.29 ([16, Proposition 3.13]). Suppose that D is a crystalline (¢, T')-module over
RL. Suppose, moreover, that P is a non-critical parabolization of D and that Hom,, ) (D/Pj,Gr; P) =
(0) for all j. Then, Xp. ¢ is a subfunctor of Xp_ p.

We will come back to this point (see Theorem but let us pause here and return to
Proposition Notice then that the term End(, (D) appearing in tp p also appears in the
computation of tp s (see Proposition . In particular, the quotient tp p/tp s couldn’t care
less about the decomposability of D. On the other hand, paraboline deformations also interact
with naked deformation spaces. Suppose that Dy € Xp p(A) is a paraboline deformation with
parabolization P4. We can then consider the associated gradeds Gr; P4. Writing this down is
functorial in A and so we have a natural transformation

(3.9) Xp,p — H X, P-
j=1

Under some weak hypothesis, we will be able to exploit this map to reduce computations on D to
computations on each associated graded.

ProposITION 3.30 ([16], Proposition 3.7]). Suppose that
H?*(Homg, (D/P;,Gr; P)) = (0)
forj=1,...,s. Then, for each A € AR}, we have that (3.9)) is surjective: Xp p(A) — szl Xar,; p(A).
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In the situation above, we say that (3.9) is surjective on points. We end this section with just
an example of when the hypothesis is satisfied.

ExaMPLE 3.31. Suppose that D is crystalline, with regular Hodge-Tate weights and such that
#'¢~1 # p for each pair of distinct eigenvalues ¢ and ¢’ of ¢ acting on Deys(D). Let P be any
triangulation of D with parameter (d1,...,0d,). We claim that the hypotheses of Proposition m
holds.

For each j, we have

Homg, (D/ P, Gr; P) = (D/P;)" ().

Since (D/P;)" has a triangulation with parameter (5;_11, - 1), and H? is right exact, it suffices
now to show that 62-_15]- ¢ S” fori=1,...,5 — 1. However, if we have

ZWt(6i)_Wt(6j) unr(¢;1¢]) = 5;15] = Zm |Z|

with m > 1 then we see right away that m = wt(d;) — wt(d;) and ¢; = p¢;, contradicting our
assumption on the eigenvalues.

3.2.3. Deformations of Kisin-type. We've seen deformations arising from p-adic Hodge
theory and deformations arising from the structure of (¢, I')-modules associated to Galois rep-
resentations. The latter actually originally arose in [5] partly inspired by deformation theoretic
computations of Kisin [43]. We now revisit the origins of this connection with a view towards
the applications in Chapter In particular, we will produce upper bounds in §3.2.4] for certain
deformation rings contingent on computing the Kisin-type deformation rings described below.

For the moment, let D be a crystalline (¢,I')-module over R, and assume that 0 is its least
Hodge-Tate weight, with multiplicity one. Assume as well that ¢ is a crystalline eigenvalue of ¢
acting on Dgis(D). We define a deformation problem

x$ = {DA € Xp(A): D

cris

(DA)‘p:¢A is free of rank one for some ¢4 = ¢ mod mA} .

We could also work as in a slightly different situation by considering the subfunctor %%O =
%% X xp %OD C %% parameterizing deformations with constant Hodge-Tate-Sen weight zero.

LEMMA 3.32 ([43] Proposition 8.13]). Assume that dim; DI, (D)¥=% = 1. Then, f{% — Xp is
a relatively representable subfunctor of Xp.

We hereafter denote by t% the Zariski tangent space to the functor %%. The following lemma
is clear but is going to be important for us.

LEMMA 3.33. Suppose that ¢ is a simple eigenvalue for ¢ acting on Deis(D). Assume as well
t(i;at D = Do @ Dy with Deys(Do)?=% # (0). Then, the natural projection tp — tp, maps t% into
£ .

0

PROOF. Let D € t% and choose ¢ such that D:_ris(‘[))(p:g is free of rank one over A. We use an
explicit description of the natural map

EXt%gp,F)(D7 D) =tp —tp, = EXt%%F) (DQ, D())

in terms of extension classes. To be precise, the element of tp, which D maps to is 50 = ker(D —
Dy)/Dy. - -
Since D € t%, we know that there exists an embedding Ry (unr(¢)) — D. By the multiplicity

one of ¢ in Deyis(D), it induces an embedding Ry (unr(g)) s lN?o. By the left exactness of Dgyig
we have

(3.10) Deris(Ry (e (unr(9))) € Deris(Do) =%
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On the other hand, dimyp, Dcris(ﬁo)“’:g < 2 because, again, ¢ is a simple eigenvalue. Thus (3.10)) is
an equality and Deis(Dg)?=? is free of rank one. O

REMARK. Under the notation above, we have as well that the projection tp — tp, maps t%’o

into t%o. However, note that 0 need not be a Hodge-Tate weight of Dg and so one must be careful
not to include that condition in the notation.

We now switch our focus to a more general setting. Let D be a (¢,I')-module over Ry, and we
assume that it is crystalline with regular Hodge-Tate weights k1 < ko < ... < k,, (though we no
longer assume that k; = 0). If D4 is a deformation of D to A then we denote by ki,...,k, € A
the Hodge-Tate-Sen weights of D4, labeled so that k; = k; mod m4. Since my4 is nilpotent there is
a unique character Q,f — A* which we denote by as well by ; whose weight is —r; and which is
trivial at p. If Dy is a deformation then D4 (k1) is a deformation of D(k;) and which has zero as
a Hodge-Tate weight (this notation was first introduced in Example .

Recall we defined refinements in §2.3] We fix a refinement R of D corresponding to an ordering
(f1,...,¢n) of crystalline eigenvalues. Since D has distinct crystalline eigenvalues, we know that
such an ordering corresponds exactly to a triangulation of D. Define F; := p~*¢; € L*. Then,
for each ¢ = 1,...,n we have that the product F} --- F; is a crystalline eigenvalue for ¢ acting on

‘D(ky + -+ + k;). This is a (¢, T')-module with lowest Hodge-Tate weight 0 and so we can apply
our previous discussion.

DEFINITION. We say that a deformation D4 of D to A is of Kisin-type (with respect to R) if
there exists elements ®1,...,P, € A* such that ®; = F; mod my for alli=1,...,n and one has

Dt (/\iDA(/fl 4+t ,{Z,))cp:qn...q)i

Cris

1s free of rank one over A. We let %Dﬁ denote the formal deformation functor of Kisin type.

The h is in homage to Kisin’s original functor. In fact, the above is the natural generalization
we mentioned at the beginning of this subsection. We have the following positive result regarding
the representability of the above functor.

PROPOSITION 3.34. Assume that fori=1,...,n the eigenvalue ¢1 - - - @; is multplicity one on
Deris(AD). Then % DR s a relatively representable subfunctor of Xp and
h 0 Fi---F;,0
(311) tD,R = ker (tD — @t/\zD(kl‘i‘+kz)/t/\1D(k‘1++k‘l)) .
i=1

PROOF. Under the assumption that ¢; - - - ¢; is a simple eigenvalue on D D(ki+---+k)),
we know by Lemma [3:32] that each containment

Fy--F;,0 0
%/\iD(/ﬂ-i-“'-ﬁ-k:i) c %/\iD(kl‘F"'-‘rlﬁ)

CI"IS(

defines a relatively representable subfunctor. Then, %%7 p is defined as a fibered product

X g Xp

| |

Fy---F;,0 n 0
HZ 1 x/\iD (k1+--+k;) - Hi:l 3L:AZ'D(lir-v-Jr;rgi)
where the right hand vertical map is the map
Dy— (/\iDA(/{A,l 4+t ’iA,i))?:l
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Since the bottom horizontal arrow is relatively representable, so is the top arrow. The calculation
of the tangent space is clear from this as well. O

We also have an inclusion Xp ; C X’l‘) g+ Indeed, crystalline deformations have integer Hodge-
Tate weights and so the twisting in the definition of .’{’})7 r can always be undone. Note that this
containment holds for any choice of refinement, not just the non-critical ones (cf. Proposition (3.29)).

REMARK. The arrow appearing in the definition

n
ho 0 Fi--F;,0
tp,r = ker <fD - @ t/\iD(k1+---+ki)/t/\iD(kl—F"-‘-ki))
i=1

is far from surjective, unless n = 2. The following lemma also shows that the appearance of the
top exterior power in (3.11)) is superfluous.

LEMMA 3.35. Let 6 : Q) — L™ be a crystalline character of weight k and crystalline eigenvalue

koo gk =
¢ € L. Then, &, 5 =13" 5 = tr,0).r = th, (5

PROOF. Without loss of generality = 1. Then, we have to show that if 4 : Q, — Llg]* is

a deformation of the trivial character with constant weight zero, it is crystalline. However, if 5
has weight zero then n := § ‘ZX is finite order and ¢ is crystalline if and only if n = 1. We now
D

show n = 1. For, if z € Z) then we write 7(z) = 1 + a(z)e. This defines a group homomorphism
a:Z; — L (the additive group of L). Moreover, 1 has finite order if and only if a has finite order.
Since L is divisible, this is not possible unless a = 0. O

The corollary we previously alluded to is the following.

o n—1,0 FiF;,0
COROLLARY 3.36. thr = ker (tD — D t/\¢D(k1+~~~+ki)/tA%D(k1+---+ki)>'

3.2.4. Putting it all together. To end this section on deformation theory we prove a theorem
on the dimension of a certain deformation ring which we expect to be very close to the deformations
appearing in a p-adic family. It will pull together all the deformation problems we have considered:
crystalline deformations, paraboline deformations and deformations of Kisin-type.

Fix first a regular, crystalline (¢, I')-module D over Ry, of rank n, say. Then, we make a choice
P = (P;)}_, of a triangulation for D. Denote by (d1,...,d,) the parameter associated to P and by
(41, ..., ¢n) its associated ordering of Frobenius eigenvalues on ¢. As in We have its maximal
non-critical parabolization P"¢ associated to P. Denote by s the length of P". Thus we have the
deformation functor Xp pne associated to this parabolization from Moreover, we consider
the map

(312) .%D7PDC — H %Grj Ppnc.
=1

we first encountered in (3.9). We furthermore make the following regularity hypotheses on the
crystalline eigenvalues:

(a) gbi(b;l ¢ {1,p} for any i # j. '
(b) The eigenvalue ¢y - - - ¢; is multiplicty one on Deis(A*D) for i =1,...,n.

Notice that while the former hypothesis is independent of P, the latter is not.
What we do now is use the paraboline deformations in concert with the Kisin-type deformations
to make a successive cutting down of our deformation problem. That is, we define a deformation
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problem %IEI}’DA (notice that we decorate it with the triangulation for emphasis) by the following
fibered product

(313) %%a;rﬁ/\ —_— XD7pnc

| |

h
[l 3€Grj pue R, T ITi-: Xar, poe
Here, R; is the refinement of Gr; P"° induced from the triangulation P of D.
LEMMA 3.37. %Il’)aj;/\ C Xp is relatively representable.

PRrOOF. Hypothesis (b) and Proposition together imply that the bottom arrow defines a
relatively representable subfunctor. Thus the same is true for the top arrow. Finally hypothesis
(a) and Corollary also imply that Xp pnc is a relatively representable subfunctor of Xp and
thus we are done. O

Since .'f%arl’g/\ is relatively representable, it has a well-defined tangent space. By definition, we
get a short exact sequence

S
(3.14) 0 — 57" — tp pre — EP tar; pre /Wy, pre g, — 0.
i=1

The final arrow is surjective because hypothesis (a) implies that the right vertical arrow of
is surjective on points. The middle term is computed by Proposition [3.27] The quotient is what
we were discussing in the remark proceeding Proposition Thus, by inductively computing the
quotients appearing in the direct sum, we can manage to compute the dimension of t%ﬁ;/\. Since
P is non-critical, Proposition implies that tp § C tp pne.

We now finish with the promised theorem. If F is a crystalline (¢,T')-module and R is a
refinement of E then we will consider the following hypothesis:

(3.15) %}}3 R is a relatively representable subfunctor of Xp and dim t%, r/te,r < rankg, E.

THEOREM 3.38. Assume D has reqular weights and satisfies (a)-(c). Assume as well that for
all j, Grj P"¢ together with its induced refinement R; satisfy the hypothesis (3.15). Then, we have
that

dim €% /tp ¢ < rankg, D.

Further, (3.15) is an equality for all Gr; P* if and only if dim t%a’}/\/tva = rankg, D.

Recall that Lemma implies that each Gr; P"¢ is fully critical. Thus, the assumption of the
theorem is about the deformation theory of fully critical refinements of crystalline (¢, I')-modules.
Instance where this hypothesis is satisfied are given in

Proor orF THEOREM. To fix notation we let n; := rankg, Gr; P"°. Then we know that
dim tgy, pre = n? + dim H%(ad Grj P™)
by the Euler-Poincaré-Tate characteristic formula (Proposition [2.16)) and Proposition (please
apply it with the trivial parabolization of Gr; P™¢). On the other hand,

dim tGrj pne f = dim Ho(ad GI‘j Pnc) + (Zj)
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by Proposition and Proposition Thus the assumption (3.15)) implies that

. h . . h
dim tGI‘j Pnc/tGrj Pne R = dim tGrj pnc /tGrj pne f — dim tGI‘j Pne R; /tGI‘j pne f
2 nj
Turning to D itself, Proposition and Proposition (again) imply that

dim tp prc = dim End )+ Z nin;.
i<j

Let d := dim End(,, r)(D). Plugging all of this into (3.14)), we get

S
dim t%a’rl’g/\ <d+ anj — Z <n12 + <7;l> — nl)

i<j i=1

= d—i-z n; + (T;l) +anj
=1

1<j

_d+n+z <nl> +an] )

1<j
and hence
e (C = e
! 2
i=1 1<J
—n—i—z ( ) ann] —< >
1<J

The question is then settled by the fullowing numerical identity. O

LEMMA 3.39. Letn =7  n;. Then,
n n;
() -2 ()
1<J

PRrROOF. We prove it by induction on s, the case of s = 1 being clear. If s > 1 we let n’ :=
n—mny=y.; ,n; By induction then

= (ny(n1 — 1) + 2n1(n — 1) + (n — m1)(n — ng — 1))

(n? —n).

M\r—l[\: =

0

This completes our main explanation of the deformation theory of (¢, I')-modules. In the next
section we present some cases where the hypothesis of this final theorem have been checked.
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3.3. Computations of Kisin-type deformation functors for fully critical refinements

In this short section we collect some explicit calculations of the tangent spaces to Kisin-type
deformation functors. We show that the hypothesis of Theorem is satisfied if (in the notation
there) the associated gradeds Gr; P*® have

(a) rank at most two, or
(b) rank three and if Gr; P is a sum of three characters then the associated weight ordering
(81,82, s3) is not strictly decreasing.
This list is far from exhaustive, so please consider it just a sampling of what is possible.
As an example then, we have the following corollary. It will be used to give new examples of
smooth points on p-adic families (see Chapter [5)).

PROPOSITION 3.40. Suppose D is an indecomposable rank three crystalline (p,T')-module with
reqular weights and distinct crystalline eigenvalues. Suppose as well that for each pair of eigenvalues
. : . . A
¢ # ¢ we have ¢ # pgd'. Then, for any choice of triangulation P on D we have that dlmt%atrp /tp,f <
3.

ProOF. It suffices (by Theorem and the case (a) above) to show that for any choice of
triangulation P, P is non-trivial. Let k1 < ky < k3 be the Hodge-Tate weights of D and choose
a triangulation

POgPlnggD
Denote by (01, d2,03) the associated parameter. Suppose that both P, and P, are critical and we
will show that D is decomposable. By duality, we may assume without loss of generality that
wt(d1) = k3. Indeed, if Pj is critical then either wt(d;) = ko or wt(d1) = k. If we are in the first
case, then since P, is critical we must have wt(d2) = k3 and wt(d3) = k1. Thus DV has the dual
parameter (5; 1)3_; and wt(d; ') is the highest Hodge-Tate weight.

Let Q2 = D/R1(d1). Then, by definition we may see D as an element of Ext%%p)(QL Rr(d)) =
H(QY(81)). Moreover, since D is crystalline it defines a class inside the Bloch-Kato Selmer group
H(Q3(61)) € H'(Qy(61)). However, Qy(d1) has two Hodge-Tate weights k3 — k2 and k3 — ki, each
of which is positive. Thus, Propostion [2.19] implies that

dim H {(Q3 (61)) = dim H°(Qy(61)) = 0.
The last equality following from the regularity of the eigenvalues. Thus, D must be split. O

In the following sections we carefully compute ti[-) r With respect to fully critical refinements.

3.3.1. The rank one case. It is sort of silly (there are no critical refinements) to describe
this, but here it goes anyways. Let J be a crystalline character of weight £ € Z. Then we have the
following facts:

(1) adRr(6) 2 Ry as (¢, I')-modules.

(2) There is only one triangulation P : 0 C R1(d); it is non-critical.

(3) By Proposition any deformation Dy to A is of the form R (d4) and is thus a trianguline
deformation.

(4) Equivalently, Ders(RA(64)(wtd4))?=%4(®) is always free of rank one.

1 0 — 6(p)70
In particular we have that t s 5 = tr (5)(wts) a0d thus (3.14]) says that
par,A\ _ —
trts).p = ker (tr, ) = 0) = tr, ().
4Notice that the hypothesis on the second exterior power A2D can be seen as a hypothesis on DY, up to a twist.

It is easy to see that our assumptions are enough to conclude that condition (b) preceding Theorem is satisfied.
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In particular, tggj(/z;), p/tRL6).F = tRL() / tr, (5),f is one-dimensional (by Prop051t10n . We could
have also used Corollary [3.36] to conclude the same thing.

3.3.2. Critical rank two triangulations. Let D be a rank two crystalline (¢, I')-module
over Ry with regular Hodge-Tate weights k; < ko and crystalline eigenvalues ¢1 # ¢2. Assume
that D has a critical refinement. By Example this is equivalent to D being split.

Label the crystalline eigenvalues (¢1, ¢2) so that it defines a critical refinement Ry of D. We
write the associated parameter is (81, d2) = (z7*2 unr(¢;), 2% unr(¢s)) and we assume as well now

that ¢1 # p='¢o.
We now begin to show that (3.15) is valid for D with respect to Reit. Note that by Corollary
[3.36l we have that

h _ 0 61(p),0
tl)yfzcrit - ker (tD - tl)(kl)/tDl(kl) ) '
Since D is split, ad D is also split and we have a decomposition

2
tp = H'(ad D) = @D H'(RL(6:6;1)).
i,j=1
In E we defined functors D$f and Dgen, which fit into a diagram of categories:

+

)iy — s Qe []][T] -mod

DSenJ{

Qp(p1pee)[I'] -mod

On the level of cohomology groups, we have morphisms

(3.16) H'(ad D) Dty gt Y(D(D), DL:(D)) SN @” L HY(T, D(;f(aiaj—l))

| |

H'(ad D) Dsen, P! (Dsen(D), Dgen(D)) —— ®;, H'(T, Dgen(5:6; 1))

The cohomology groups in the right column are easily computed. We have

1 ifn=0
3.17 di HYT,t" x)) = ’
( ) Q, (T 4" Qppp>=)) {O otherwise.
By dévissage we get that

1 ifn<o0
3.18 dimq, HY(T',t" ) [[t]]) = =
(315) imq, H (" Qy (1) 1] {0 L

In particular, putting the coefficient structure back in we have that
(3.19) HY(T, Dsen(8;6;,1)) = L.

Suppose that D e H'(ad D). Write %; = k; + b;e for the Hodge-Tate-Sen weight deforming k;. We
recall from §3.2.2] that the constant weight deformations are given by

(3.20) t5 = ker (H'(ad D) — H'(T, Dgen(6:0; 1)) -
The key lemma for computing t%l is the following

LEMMA 3.41. If Dc tlb,Rcrit' then ko — k1 = ko — k1 s constant.
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PROOF. Write D’ for D(Ry). Recall that [} = p*¢; and we choose ® € L[e]* such that
® = Fy + ae and that De.s(D')¥=? is free of rank one. Our goal is to show that D’ (which is an
element of tOD(kl)) is actually inside the subspace tkDQ;fl.

Consider the factorization (in the notation of §3.2.2))

j(D(kl) — Ext' (DS@H(D(kl))(kgfkl)v DSGH(D(kl))(lekl)) :

| __—

bR (51) (k)

Since t Dk f)l is the kernel of the top horizontal map, we will check its image under the projection

tpk) — trR.(61)(ky) lands inside the constant weight subspace t%;(];b (k1) To see this note that
by Lemma we know that the projector tpp,) — tr,(s)(k,) induces a map on subspaces

d1(p),0 61(p) 51(p) _ ok
tDl(kl) — t7éL(61)(k1)‘ We then apply Lemma [3.35| to see that tRlL(él)(kl) = t7Z2L(51)(k1). O
Following this result we can compute t’}), Rt
PROPOSITION 3.42. There is a diagram
0 tD’f {t%:Rcrit EXtF( dlf DCTlf(D))
h,k
0 tp s toh Extl(DE(D), Di:(D))

with exact rows. The image of the final map is at most two-dimensional (resp. one-dimensional)
in the top (resp. bottom) row.

ProOF. First, the assumptions we have on the crystalline eigenvalues implies that we have that
tp s = tpy = ker(tp — Ext' (DJ..(D), D} (D)).
Furthermore, tp y C tD R’ hence the exact sequence. It remains for us to compute the image.
Let * be either Sen or dif* and set
B.(i,j) = Ext'(D«(RL(3:)), D«(RL(5)))-
h

We then consider a diagram
D, Reri

T

Ext! (Dip(D), Di(D)) —— Egir(1,1) @ Ey(2,2) ® Efie(1,2)

J J(~,~,0)

Ext! (Dsen(D), Dsen(D)) —z—— Bsen(1,1) ® Bsen(2,2)

The isomorphisms are justified by and . Furthermore, the same computations imply
that each direct summand in the right hand column is one-dimensional.

IfD e t}ll), Ry, then we just saw in Lemma that the image of D in the bottom right column
is contained in diagonal subspace {(a,a): a € L} and hence its image in the upper right corner
is contained in the two-dimensional space consisting of E:{if(l, 2) and the diagonal subspace of
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E1.(1,1) ® Ef(2,2) = LP2. This shows the image in the top row has dimension at most two. In
the case where k1 = ki is a constant weight, we have that its image in the bottom right is zero and
hence the image in the top right is contained in E&(l, 2). O

This completes all the relevant computations in the rank two situation. We are now free to
apply Theorem to any (¢,I')-module with respect to a triangulation whose maximal non-
critical parabolization has associated grades of rank at most two.

3.3.3. A three-dimensional, anti-ordinary case. Here we will present partial computa-
tions in the fully critical rank three case. We fix a rank three crystalline (¢, I')-module D over Ry,
with regular weights k1 < ko < k3, satisfying the hypotheses (a) and (b) of Notice that the
arguments in Proposition [3.40] show that if P is fully critical then D is necessarily split. We now
make the following assumptions:

(i) D is decomposed into a direct sum R (6) & Do where wt(d) = ks.
(ii) P is a fully critical triangulation 0 C R (d) € P> € D such that the induced triangulation on
D/RL(§) = Dy is non-critical (notice that this is different than P> being non-critical!)
(iii) The hypothesis (a) and (b) from holds.
(iv) We have Hom, r)(Do(1), Do) = (0) (this will be used in a technical manner, see Corollary
3.47).

Please note that if P orders the eigenvalues (¢1, @2, ¢3) then the associated ordering of the
weights must be (s1, 2, 83) = (ks, k1, k2). Indeed, we know s; = k3 because wt(d) = k3. If s9 = ko
then the induced triangulation on Dy would be critical, which we have ruled out.

REMARK. We know by definition that any fully critical triangulation P must order the weights
(81,82, s3) as one of
(ks,ki,ke),  (ko,ks, k1),  (ks, ko, k1).
The first case is the one we are investigating here and the second is dual to the first. In the third
case, D is necessarily split into a direct sum of characters and we have (thus far) been unable to
verify in that case. Note that we haven’t ruled out that D is totally split in our hypothesis,
just this ordering in the totally split case.

Recall that our goal is to prove the following theorem.
THEOREM 3.43. dimp t}, p/tp s < 3.

The proof is going to follow ideas very similar to that of However, we will certainly
have to make use of at least one higher exterior power. By Lemma [3.35] we can still ignore the top
exterior power in the calculation of tB P

Recall that the following well known fact. Suppose that S is a commutative ring and that M is
a finite free module of rank n over S. Then there exists canonical isomorphisms AP (M) = AP(M)Y
for each 0 < p < n. Moreover, this defines an isomorphism

AP(MY) @ A" (M) — A" P(MY)Y
TRY [:L" — (:L‘/\m',y)]
where (,) is the pairing det M @ det(M") — S. In particular, there exists canonical isomorphisms
AP (MY) @ A"M —=+ A" P M.
The naturality implies that we have (¢, I')-equivariant isomorphisms

(a) A2D = DV(det D), and
(b) Do 2 DY (det Dy).

65



Using this, we have the following direct sum decompositions
tp =tp, @ fRL(g) &) HI(DO((S*l)) D Hl(D(\)/((S)),
tD (k) = Dy (k) @ tro (3 (k) ® H ' (Do(671)) & H' (D (6)), and
A2 D (ks +h2) = tet Doy +k2) B tDo(8)(ky +kz) © H' (Do(8(det Do) ™)) @ H' (Dg (5~ det Dy)).
Notice that we have kept the weight twisting in some components (e.g. tp,(k1) in the second line)
but not in others (e.g. H'(Dg(d71)) in the same line). This is just a matter of taste.
Recall that F; = p~*¢;. By Lemma and Lemma we have have that the projector
F1,0 : 1
tpk) — tRL(6)(k) MAapSs tD(k) into the crystalline subspace tg, (5)(k,),f- Furthermore, Dy(5~")

has only negative Hodge-Tate weights k1 — k3 and ko — k3. Thus, by Proposition [2.19] we have
that H}(Do(éfl)) = HY(Do(6~1)). On the other hand, H}(D(\)/((S)) = (0). It follows from these
comments that one has an inclusion

(3.21) tgl(’,fl)/tp(kw — D ey /Do (k1.5 & H (DG (6)).

Similar comments reveal that we also have an inclusion (note that Do(d(det Dy)~1) has two positive
Hodge-Tate weights ks — k1 and ks — ko)

F1Fy, F\ F —
(322) t/\éDQ(kl—l-kg)/t/\QD k1+k2) f tDlo(g)(k1+k2)/tDo(é)(kl—i—kg),f &) Hl(D0(5(det DO) 1))

The next point is that we have as well as a diagonal map

1 Fy,
(3.23) tD/tD f— f /tD ki),f D t/\éD2(k1+k2 /tAQD(k1+k2),f'
We then will compute t% /tp ; by

(a) understanding the kernel of (3.23]) (see Corollary |3.46]
(b) understanding the image of (3.23|) after postcomposing with (3.21]) and (| .

The technique we are going to use for this is that there is a map w : tOD(k ) — {0 that fits

A2D(k1+k2)
into a diagram

tO

o D(k1)
D'—y

tp D' A2D! (=)
EHA2(5)®\
0
t/\2D(k;1 +ka)*

Here, the notation & means the Hodge-Tate-Sen weight of D' which deforms the “second weight”
ko — k1 of D(ky1) (the “first weight” is zero). It is easy to see that this diagram commutes. Thus,
we can study the image of by studying the image in the first direct summand then studying
the image of that under w. We now begin making our comptutations.

LEMMA 3.44. The map w : tOD(k )y~ t/\QD(k ) induces an isomorphism
(3.24) HY(DY(8)) = HY(Dy(6~ " det Dy)).

PRrROOF. If we unwind the definition, we get that w sends an element EcH L(Dy(6)) arising
from D’ € tp(ky) to the (p,T')-module F := EV(det D')(%,) inside the space H'(Dg(6~! det Dy)).
Since the dimension of each side of (3.24] - is the same (by hypothesis (i ) it suffices to show that
the map is injective. So, suppose that F' is split. Since the weights of Dy are different than the
weight of & we have that both E and F are Hodge-Tate. In particular, the character 7j = (det D’) (%)
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is Hodge—Tate But since its reduction n = (det D) (k1 —|—k2) is crystalline, n must also be crystalline
by Lemma Thus if F is split, so is EV. Finally, E must also be split then. (Il

The key result for us is going to be the following proposition. It provides us with the analog of

Lemma B411

PROPOSITION 3.45. Suppose that D€ t}ﬁp with Hodge-Tate-Sen weights k1, ke and k3. Then,
for all pairs (i, j) we have that k; — K; is constant.

Proor. Consider the projection tp,) = tr, (§)(k)- By Lemma the projection tp(y,) —
tR . (5)(ky) MAps t}flj(kl),P into the subspace tgL(é)(kl)' The constancy of k3 — k1 then follows from
Lemma

It now suffices to show that k3 — Ko is constant. For this we consider the deformation condition
on the second exterior power. Notice that A2D(kj + k2) contains Do(8)(k1 + ko) as a (i, I')-module
direct summand and we consider the composition tp — t\2p ko) — tDo(5)(k1+ks)- Lhe image in
the final subspace is in charge of (among other things) keeping track of the deformations k3 — Ko
and kK3 — Ry of the two weights k3 — ko and k3 — k1 appearing in A2D(k; + k:2) But notice now that
ks — kg is the least Hodge-Tate weight of Do(8)(ky + ko) and, moreover, if D € th _p then its image

lands inside t ( 5)(k1+kg) DY Lemma3.331 By the constant weight lemma [5l Proposition 2.5.4] (see

also the remarks proceeding Lemma [3.41]), we have that K3 — Ko is constant. g

COROLLARY 3.46. We have that

ker (tD P tD( k1) & t/\QD(kl-i-k: )) = ker (t}lLD,P - J‘%(kl))

ProoFr. Unwinding the equality we need to show that if De t’ﬁ p such that 5(%1) is a constant

deformation then A2D (1 + Rp) is also constant. However, we have that
A2D(R; + Fa) = A2 [f)(zl)} (Fa — F1)

By Proposition the final twist is a twist by an integer and thus the claim is clear. a

COROLLARY 3.47. The composition t%}P — t(/)\2D(k1+k:2) — Dy (8)(k1+ke) Nas tmage inside the
crystalline subspace tp,(s)(ky+ks),f -

PROOF. Let D € t%,P and for the moment let us use the notation D’ for its image in tp sk ko)
By Lemma|3.33|we know that D' must land inside tg{f; (k1 +h2)" However, the refinement (Fy Fy, F F3)
of Dy(6)(k1 + k2) is non-critical by the assumption (i) at the beginning of this subsection. Thus,
D' is a trianguline deformation of Dg(8)(k1 + ko) with respect to this refinement. Furthermore,
by Proposition we know that D’ is also Hodge-Tate. Thus we can apply [5, Theorem 2.5.1]
to D'—the hypothesis there being valid because of our hypothesis at the beginning of this
subsection. The conclusion, is that D' is crystalline, which is what we wanted to show. ]

COROLLARY 3.48. The image of the composition t’]),P — tOD(kl) — t%o(kl) lands inside tpg ) ;-
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PROOF. We consider the following diagram whose dashed arrows we have explained

tp
WV w‘twist)
tOD(lﬂ) - t(/)\2D(k1+k2)
tODO(]‘/’I) ______ - tD0(5)(k1+k2)'

The vertical arrows are projections. It is easy to see that the diagram commutes.
Now let D € tD7 p and denote by D' its image in tD(kl). We call E its image under the left

vertical map (which we want to show is crystalline) and F' its image in the bottom right corner. A
diagram chase reveals that the relationship between these three is that

F= (EV ® det f)') (7).

By Corollary we know that F is crystalline. We now as well that & f@2 = K9 — K1 is constant by
Proposition Thus, EV (det D' ) is crystalline as well. However, E is rank two over R Lje) and
thus we have that _ _ _ _ _

EY(det D) = E(det D'(det E)™1)
Thus it suffices to show that det D’ (det E)*l is crystalline. However, this is a deformation of a
crystalline character and its Hodge-Tate weight is k4 = K3 — k1. By Proposition this is an
integer and we are done. ]

We now put it all together to prove Theorem
ProoF oF THEOREM [B.43l First, notice that ker (tD — tO( )) Ntp,s = (0). In fact, if D is

crystalline then k1 = k;. In that case, D(m) is split if and only if D is. In particular, we have an
inclusion ker (tD — tOD(k )> Cth/tp ;.

On the other hand, the three previous corollaries imply that we can compute a superspace for
the cokernel; we express this as the short exact sequence

0 — ker (tf,g - t%(kl)) — )/t s — H'(Do(671)).
In particular we have that
dim %/ dim tp s < dim H'(Do(67 1)) + dim [ker(t’b — t%(k;l))] <3.
The final inequality follows because we clearly have that tp — t%(kl) and thus

ker(th — tOD(kl)) C ker(tp — t%(kl)) ~ [,

the last isomorphism being a simple calculation of dimensions. ]
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CHAPTER 4

Families of (p,')-modules

Fix an affinoid space X = Sp(A). We assume throughout that X is reduced. Recall that we
have the notion of a (¢, I')-module over the space X from Chapter In the present chapter, we will
focus on examples which we call refined families of (p,I")-modules. Such families arise naturally
from the construction of p-adic families of automorphic forms. At each point in z € X, the (¢, I')-
module D, will carry a canonical triangulation P, and our main theorem will concern the analytic
variation of these triangulations near classical points.

Previously, it has been understood [43), [5] that near classical, non-critical points = (points
where P, is non-critical), the triangulations deform infinitesimally. The departure of this chap-
ter from previous results is that we work at any classical point and obtain results over affinoid
neighborhoods, rather than just finite thickenings. Of course, we cannot prove that the triangu-
lations vary analytically—that is patently false. Rather, our main theorem is that the maximal
non-critical parabolizations PL¢ attached to the triangulations P, (recall extend to affinoid
neighborhoods of classical points on refined families of (¢, I")-modules.

The organization of this chapter is as follows. We first recall the recent work of Kedlaya,
Pottharst and Xiao [41] on the Galois cohomology for (¢,I')-modules in families. Their main
result (for us) is a finiteness result for the (¢, I')-cohomology over the base X. This allows us to
develop a “cohomology and base change” framework.

Second, we explain the notion of a refined family of (¢, I')-modules and state the main theorem
of this chapter. The definition is meant to capture axiomatically the a priori structure of Galois
representations (restricted to a decomposition group at p) which appear in p-adic families of au-
tomorphic forms. We make an effort, however, to limit the axioms, forcing us to deduce certain
properties which we might know a priori in applications. This decision has been made in order to
precise the nature of variation one wants to have on hand in a p-adic family before questions about
the variation of triangulations should be considered. With the definition in hand, we move towards
the statement of the main theorem (Theorem .

The final section is dedicated to the proof of the theorem. It itself is broken up into three
sections—each slightly more general than the previous: the non-critical case, the minimally critical
case and then the general case. The non-critical case is by far the easiest to understand and the
situation which we follow in spirit for the latter two proofs. We have included the middle case
because there we can give a significantly less involved proof, which we hope the reader will find
enlightening.

Before beginning the chapter proper, we want to especially acknowledge the debt that this work
owes to the authors of [41]. The reader aware of their work will no doubt see their influence in the
work in the below.

4.1. Galois cohomology I1

Recall that in §1.2.3| we defined and studied generalized (p,I")-modules @ over X. In order to
focus on arithmetic aspects in the case where X is zero-dimensional, we delayed the discussion of
the Galois cohomology over more general X until now.
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4.1.1. Finiteness of Galois cohomology. Recall from that we can associate, to a

generalized (p,T')-module @, the Herr complex:
1 2
C1(Q): Q> - (@) - @2

This complex depends, up to quasi-isomorphism, only on the choice of a topological generator v of
I'/A where, again, A is the p-torsion subgroup of I'. Just as before we define the Galois cohomology
of Q as H(Q) := H Z(C;(Q)) In order to give the important finiteness result we have to restrict
Q slightly more.

DEFINITION. We say that a generalized (p,I')-module Q is finitely presented if there exists a
finite presentation
ML N L o-o0
where M and N are (p,I")-modules over X and f and g are (¢,T')-equivariant.

Recall that a generalized (¢, ')-module is a finitely presented R x-module with R x-semi-linear
operations by the group I' and a R x-semi-linear operator ¢. Note, however, that it is not clear that
a generalized (¢, I")-module is a finitely presented (¢, I")-module. In the case where X = Sp(L) is
the affinoid spectrum of a field then it follows as in the proof Corollary [2.8 but that uses in a crucial
way the structure of finitely generated modules over the Robba ring R, which is not available over
more general X.

PROPOSITION 4.1. If Q is a finitely presented generalized (¢,T)-module over Rx then H’(Q)
is a finite A-module for all j.

PrOOF. We thank Jay Pottharst for explaining this to us. By the main theorem of [41] (see
the introduction of loc. cit.) if Q = M is projective then the cohomology groups H®(M) are all
finite A-modules.

In general, choose a finite (¢, I')-equivariant presentation M BN VN @ — 0. We make use of
the mapping cone of a complex [63], §1.5]. Since Q — C3(Q) is exact, we have a quasi-isomorphism
(in the derived category of R x-modules)

(4.1) C2(Q) £ cone (C;(M) SN c;(zv)) .

However, general principles say that one has a short exact sequence of complexes

0 — C2(N) — cone (c;(M) £, c;(N)) — C2(M)[~1] — 0.

Thus the result follows from (4.1)) and the projective case in the first paragraph. O

REMARK. Prior to [41], the same finiteness result was obtained by Chenevier [17] under the
assumption that Q = M is projective and trianguline over X. Since our goal is to show that certain
(¢, T')-modules are trianguline, this assumption would be too strong,.

4.1.2. A homological interlude. Our next goal is to understand the Galois cohomology
H*(Q) in terms of the pointwise Galois cohomology groups H*®(Q,). But, since we have a separate
need for a base change result, we have found it most convenient to pause here and explain some
formalism coming from homological algebra.

PROPOSITION 4.2 (Kiinneth). Let R be a commutative ring and --- — P? — P — P? be a
complex of R-modules. Assume that N is an R-module such that TOI;R(PP7 N) =(0) forall j>1
and all p > 0. Then, there is a first quadrant spectral sequence

E}, = Torf (Hy(P*),N) = Hp1q(P* ®g N).
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ProOF. This is stated as [63, Theorem 5.6.4] under the additional hypothesis that PP be flat
over R for each p > 0. However, the proof of loc. cit. clearly only requires that the Tor-groups
against N vanish. O

We have two ways in which we will use this result.

COROLLARY 4.3. Let Q be a generalized (¢, I')-module over X and assume that for each x € X,
we have Torf(Q, L(x)) = (0) for each j > 1. Then there is a first quadrant spectral sequence

Tor, (H*~(Q), L(2)) = H>"~9(Qy).

ProOOF. Apply Proposition to R = A, the complex P* = C5(Q) and N = L(x). Notice
that H,(P*) = H>79(Q). O

COROLLARY 4.4. Let Q be a finitely presented module over Rx. Suppose that for each j > 1

and x € X that Tor;‘(Q,L(a:)) = (0). Let M > 1 be an integer. Then, there is a four term exact
sequence

(42)  0— Tor(Q/tY, L(z)) — Qt"] @4 Liz) — Qu[t"] — Torf(Q/t™, L(z)) — 0.

M
PROOF. Let P*® be the two term complex [Q L, Q]. Then

Q/tM if g=0,
H,(P*) = ¢ Q[tM] ifg=1,and
0 if ¢ > 2.

The spectral sequence from Proposition degenerates on the E3-page on the short exact sequence
follows from the explicit terms on the E>-page. O

4.1.3. Cohomology and base change. We fix for the rest of the section a finitely presented
generalized (o, I')-module @ over Rx. Suppose that 2 € X. Notice then there are canonical maps
C3(Q) ®a L(x) — C3(Q.) which respect the boundary maps d). We say that H7(Q) satisfies base
change if the induced map H’(Q) ®a L(z) — H’(Q.) is an isomorphism. Notice that since C3(Q)
is concentrated in degrees 0,1 and 2 we have that H?(Q) always satisfies base change. In general,
we can use Corollary to understand when H7(Q) satisfies base change. For this section we
denote for 0 < i < 2 the function

di(Q, @) := dimp ) H'(Qu).

LEMMA 4.5. Assume that for all j > 1 and x € X we have that Torf(Q,L(m)) = (0). If the
function d;(Q, ) is locally constant with respect to x for i > k then H'(Q) is flat on X fori >k
and satisfies base change for i >k — 1.

PROOF. Notice that since A is noetherian, reduced and each H {(Q) is finite, by Proposition
we have that H*(Q) is flat if and only z +— dimp ) H'(Q) ®4 L(x) is locally constant.
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To check this, we apply the spectral sequence from Corollary To help us visualize it, it is
the first quadrant spectral sequence whose differentials are shown

(4.3) 0 0 0
HY(Q) ®4 L(x) Tor!(H*(Q), L(x)) Torg' (H(Q), L(x))
0
HY(Q) ®4 L(x) Tor!(H'(Q), L(x)) Torg (H'(Q), L(x))
0
H?(Q) ®4 L(x) Tor!(H*(Q), L(x)) Torg (H*(Q), L(x))

We prove the the corollary on a case-by-case basis. Notice that if £ > 3 then the relevant cohomolo-
gies are all zero, so the result is true. If £k = 3 then the assumption is always true and the conclusion
is that H?(Q) satisfies base change, which we remarked immediately preceeding the lemma.

Now suppose k = 2. Since H?(Q) satisfies base change, our assumption is that the function
r v dimp ) H 2(Q); is locally constant. Thus H2(Q) is locally free by the first sentence of this
proof. We must also show that H'(Q) satisfies base change. But, since H?(Q) is flat we know that
the bottom row of is zero except possibly in the (0,0)-spot. In particular, the natural map
HY(Q) ®4 L(x) — H'(Q,) is an isomorphism by Corollary The k =1 and k = 0 cases follow
by the same arguments. O

COROLLARY 4.6. Suppose that for all x € X, if j > 1 then Tor;‘(Q,L(x)) = (0). Assume as
well that the function d;(Q,x) has a local minimum at a point x € X'forz' > k. Then there exists
an open affinoid U > x such that H*(Q) is free on U for i > k and H'(Q) satisfies base change on
U fori>k—1.

PROOF. By Proposition [.1] and Nakayama’s lemma, the function
i dimy ) H*(Q) ®a L(x)

is upper semi-continuous on X. Since H?(Q) always satisfies base change we have that da(Q, x)
is upper semi-continuous. If dy is minimized at x then we can find a Us > = on which dy is
constant. By Lemma we can further assume that H2(Q) is flat and that H'(Q) satisfies base
change. Using the same arguments we can further shrink X to assume that d;(Q, z) and do(Q, =)
are constant. The result then follows from Lemma applied to k = 0. g

COROLLARY 4.7. Assume that for all x € X and j > 1 that Torf(Q,L(J:)) =(0). Letx € X
such that H*(Q,) = (0). Moreover, assume that Q[1/t] is flat over Rx[1/t] and dimp,,) H%(Q.)
has a local minimum at x. Then, each H7(Q) is locally free near x and satisfies base change.

PROOF. Since H?((Q) satisfies base change, Nakayama’s lemma implies that we can, without
loss of generality, assume that H2(Q) = (0). In that case, Proposition implies that for all
r € X, that

dimyp, g HY Q) = rankRL(z)[l/t] Qz[1/t] + dimp g H(Q,).

The first summand on the right hand side is locally constant over X since Q[1/¢] is flat over Rx[1/¢].
Thus, dimp,) H°(Q,) is minimized if and only if dimy ) H'(Q,) is minimized. Our claim now
follows from Corollary O
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COROLLARY 4.8. Suppose that x € X and if 7 > 1 then Torj‘(Q,L(:c)) = (0). Assume that
Z C X is a Zariski dense subset and x € X such that for 0 <1i < 2,

(a) d;(Q, 2) is constant on Z, and

(b) di(Q,x) = d;(Q, z) for some (hence, any) points z € Z.

Then, each H'(Q) is locally free near x and satisfies base change.
PRrROOF. For j = 2 we have that for any x € X that
(4.4) dimy(,) H*(Q) ®4 L(z) = dimy,) H*(Qz).

Since the left hand side is upper semi-continuous, so is the right hand. The minimum must be the
constant value over Z, as Z is Zariski dense. In particular, da(Q,x) has a local minimum at x by
our assumption (b). It follows from Corollary that H2(Q) is locally free near x and H(Q)
satisfies base change. The proof then continues by the same argument using degrees one and two

in . OJ

4.2. Refined families

Our goal now is to state our main theorem on the variation of (¢, I')-modules over p-adic families.
For this, we must define what we mean by a refined family of (¢, I')-modules. The predecessor (as
far as we are concerned) to this idea is the notion of a refined family of Galois representations [5],
Chapter 4]. For our inductive constructions it is important that we work completely in the setting
of (¢, I')-modules which are not necessarily coming from Galois representations.

We continue to denote by X an affinoid space Sp(A), which we still assume is reduced. Through-
out, D will denote a (¢,I')-module over X. We let n := rankg (D). If z € X then we denote by
D, the corrsponding (¢, I')-module over the residue field L(z). It has a list of n Hodge-Tate-Sen
weights {k1(x),...,kn(z)} (not in any particular order, yet). We denote by

X' ={r e X: ri(zx) # rj(z) if i # j}

the locus of points where D, has regular weights. If Xy C X then we let X;™ := X, N X"8.
Finally, we recall that a subset Z C X is said to accumulate at z € X if there exists an affinoid
neighborhood basis {U};, of « such that ZNU is Zariski dense in U forall U ¢ U. If Z C Xo C X
then we say that Z accumulates on X if it accumulates at every point = € X.

4.2.1. Statement of the main theorem. We begin first with the definition.

DEFINITION. A refined family of (p,T')-modules over X is

- A (¢, T')-module D over X,
- an ordered list of continuous characters 01, ...,6, : Q; — A, and
- a Zariski dense subset X, C X

satisfying the following axioms:

(RF1) For all x € X, the Hodge-Tate-Sen weights of Dy are {wt(61 %), ..., Wt(0nz)}. We now label
the Hodge-Tate-Sen weights by k;(x) := wt(d;z).

(REF2) For every x € X, the characters §; , are crystalline.

(RF3) If x € X then D, is crystalline with Hodge-Tate weights

ki(z) < -+ < kn(T),

(so X C X™8) and crystalline eigenvalues
{61), - dn(@)} = {p @810 (p), 7 b0 (p)}
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(RF}) By (RP@, every point Xq has a unique triangulation P, corresponding to the ordering
(p1(x), ..., dn(x)) of Frobenius eigenvalues. Let

nc
cl

Then, if C > 0 the sets

ac =1{r € XJ°: kip1(x) — ki(z) > C fori=1,...,n—1}.

:={xz € Xg: P, is a non-critical triangulation} .

are Zariski dense in X and accumulate at every point in X.

EXAMPLE 4.9. The families of (¢, I')-modules constructed in Chapter [5 (see will form
refined families.

The classical example we do not cover in this work is the natural family of (¢, I')-modules on the
Coleman-Mazur eigencurve [20]. In that context, the fourth axiom (RF{) follows from Coleman’s
control theorem [21].

Some remarks are in order.

e First, let us compare the definition here with the definition given in [5 Chapter 4]. We
have put together their functions (k;, F;) as well as the existence of the character (*) into
the characters d;.

e Except on the locus X, there is no reason to see the list k1(z), ..., K, (z) as an archimedean
ordering on the Hodge-Tate-Sen weights even when they are all integers and D, is crys-
talline. In fact, there can be very interesting points with crystalline (¢, I")-modules and
k2(x) < Kk1(x). In the case of the eigencurve, these are called companion points [7].

e On the points z € X it follows from (R and (RF2) that the parameter of P, is
(01,2 ---,0n2) and that §; , = 2~ ki(2) unr(¢;(x)). On the other hand, one should be careful
to realize that the same is not true on all of X. In fact, if we plug the list of eigenvalues
(¢1(x), ..., ¢n(x)) into Proposition m it is possible that we get a parameter different
than (01,4,...,0n4).

Let us expand on the final remark. Suppose that z € X. Then, by the regularity of the
Hodge-Tate weights of D,, and Proposition [2.21] we know that associated to the ordered list
(p1(x), ..., ¢dn(x)) of crystalline eigenvalues there is a unique triangulation P, of D,. Furthermore,
if we denote by (s1(z),...,sn(x)) the ordered list of the Hodge-Tate weights at 2 associated to the
refinement (¢1(z),...,¢n(z)) then the dictionary of Proposition says that the parameter of
P, is given by

(Zm(mfsl(x)(;m L Znn(mfsn(x)(;n,x) '

We will return to this in Proposition Note now, however, that s;(x) not analytic in z.

In the sequel we will continue to use the notation ¢;(x) to denote the crystalline eigenvalues on
X1, but be careful to realize that the function x — ¢;(z) is nothing but a mapping of sets. Indeed,
we have that

vp(9i(x)) = Ki(x) + vp(die(p))-

Since ¢; : Q, — A is continuous, the second summand is locally constant on X. The first
summand, however, varies wildly as we just remarked, and thus ¢;(z) cannot possibly be continuous.
We now restrict our attention to a subset of the classical points.

DEFINITION. We say that x € X is @p-reqular if

(a) the ¢;(x) are distinct,

(b) the ¢i(x) satisfy 6i(x) # po; () if i < j, and |

(c) the eigenvalue ¢1(x)--- pi(x) is multiplicity one for ¢ acting on A'Deis(Dy).

74



Remember, this is actually the second regularity hypothesis we have put on points in X, the
first being that we have assumed that D, has regular weight. Let us first prove a relatively easy
lemma.

LEMMA 4.10. Suppose that x € X is @-reqular. Then, there exists an open affinoid U > x
such that for all w € U and all integers r € Z we have

H (6071 27") = (0) = H?(8u07,127")

1y
whenever i # j.
PRrROOF. Fix 7 := §,;6; '27". By Corollary it suffices to show that H?(n,) = (0) = H%(n,).
However, we know that
e = 25O (g ()i () 7).
The first assumption on the eigenvalues imply that 7, € T y and thus Proposition shows what
we want. ]

LEMMA 4.11. Suppose that x € X and choose a constant C' > 0. Then, the set of points

Z = {u € X0 uis gp—regular} accumulates at x.

PrOOF. Fix constants v; = v,(d;4(p)). Since ¢; is continuous, we can find an open affinoid
subset U such that v,(d;(p)) = v; for all u € U. Notice, if u € X N U then

(4.5) vp(@i(w)) = ki(u) + vi.

Replacing C' by €' = max {C,1 + |v; —v;[ : 1 <i,j < n} it suffices by (RF4) to show that X3% N
U C Z. So, let us choose a point u € X;°- NU and go through the properties defining ¢-regularity
for u.
(a) Suppose ¢ # j but that ¢;(u) = ¢;(u). Thus (4.5) implies that x;(u) — ki(u) = v; —v;. On
the other hand, if u € X3, then

C < |rj(u) = ri(u)l,

a contradiction.

(b) If ¢i(u) = po;(u) then we get the same contradiction.

(c) Suppose that there exists pairs of integers i1 < j1,...,is < js such that ¢;, (u)---¢;, (u) =
¢j, (u) -+ ¢j, (v). By (4.5)), we would get

S

sC < Z (K’jk (u> - Hlk(u)) = Z (Vik - ij) < sC,
k=1

k=1

a contradiction. Now, if ¢1(u) - - - ¢;(u) was not a simple eigenvalue we could, after cancel-
ing, find such pairs (i, j.) for some r <.

This completes the proof. ]

We now fix the context in which we will work. Our next step is to construct pointwise triangu-
lations near p-regular classical points.

PROPOSITION 4.12. Suppose that x € X s p-reqular. Then, there exists an open affinoid
U > x such that for allu € U the (¢,T')-module D, has a unique triangulation P, with an associated
parameter (2™ W6y ... 2™, ) and mi(u) € Z. Further, > j=1my(u) <0 forall 1 <i<mn.
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ProOF. By Lemma [4.10] we can choose U to be an affinoid open subset of X such that for all
u € U and all r € Z we have

(4.6) H°(8j,u0;,2~") = (0)
if i # j. Let Z := X3°NU. Then, the subset Z is Zariski dense in U by the axiom (R.
Moreover, at each point z € Z we know that D, has a (unique, by —see the next paragraph)
triangulation with ordered parameter (61, .., 0, ). Thus, the existence of such a triangulation is
the statement of [41], Theorem 6.2.14]. Indeed, in their notation please take M = D|U and Z = Z.
They don’t explicit mention the condition on the sign of 23:1 m;(u) but it follows from the proof
of loc. cit.

Suppose there exists a triangulation P, with parameter (zmll (“)51,% e zm%(“)én,u) and we want
to show that m/(u) = m;(u) for each i. For i = 1, we first note that with r = m;(u) — m;(u)
says that if j > 1 then

Hom(, 1y (R (21 "61,4), Re.(2716;,)) = (0).

In particular, any (¢, I')-equivariant inclusion RL(M)(zmll(“)éLu) — D, must factor through the
submodule RL(u)(zml(“)éLu). Since each of these submodules are meant to be saturated inside
D,, we conclude that Ry, (2§, ) = Rr(w) (2§, ), ie. mf(u) = my(u). If we assume by
induction that mj (u) = my(u) for k = 1,...,i — 1 then we necessarily have P;_1, = P; ;. Just
as before we have that if ¢ # j then

Homg ) (Rr (2™ 8;,u), Re (2" d1.)) = (0).

So, the saturated inclusion RL(U)(zmIz‘(“)éi,u) C D,/P;_1, must land inside the already saturated
submodule RL(U)(zmi(“)&,u). Thus, m;(u) = m’(u). as before. O

(2

REMARK. One could also deduce the result for z € X}° by the proof of Theorem
investigating the proof will show that the argument would not be circular.

With the previous result in mind, we now replace X by U as in Proposition [4.12} It is clear
that all the hypotheses on X still hold on U. Thus we may assume that we have associated to
each point x € X a choice of triangulation which depends only on the initial data of the characters
(01,...,0,) and the set X2°.

DEFINITION. Let € X. Then the triangulation P, given by Proposition [{.13 is called the
canonical triangulation with respect to the parameter (d1,...,0,) and X35°. We write (01,4,...,0n.z)
for the ordered parameter of P,.

REMARK. We are aware that we have previously used the § notation to denote infinitesimal
deformations. However, they shall never appear in this chapter and so we feel comfortable reusing
the notation.

Notice that at points z € X we have an a priori different triangulation coming from the
ordering (¢1(z),...,dn(x)) of the Frobenius eigenvalues. In fact, the associated parameter, by
Proposition is (z71 @ unr(p1(z)),. .., 2@ unr(¢,(x))). However, if z € X then by (R
we know that d; , is crystalline and thus of the form z=%®) unr(p®(®)§; .(p)) = 2% unr(¢;(x)).
In particular, the triangulation coming from the ordering satisfies the conclusion of Proposition
and thus must itself be the canonical triangulation. In the notation above we have m;(z) =
ki(x) — si(z). Notice, as expected, that

i i
> omj(x) =Y (k(@) — s5(x)) < 0.
j=1 j=1
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Let z € X and let P, be its canonical triangulation. We have defined in §2.3.1 what it means
for a step P; , to be non-critical. We now extend that to all of X.

DEFINITION. Let x € X and let P, be the canonical triangulation. We say that P; . is non-
critical if
(51,17 T 51',:7: = 51,1 T 52’,1-
We define the maximal non-critical parabolization Py¢ analogous to §2.3.1: we let
I} = {i: P, is non-critical} = {i1 <iy < ... <igs}
and then define P™ as the parabolization

PY:0C P, CPyeC - CP.o=D,

- S

We claim that this does not overwrite the previous definition. In fact, suppose that = € X.
Then, since D, has regular Hodge-Tate weights, we know that x1(z) + -+ + k;(x) is the lowest
possible value for the sum of any ¢ weights. Thus, Lemma, says that a necessary and sufficient
condition for P, to be non-critical is that s;(x) + - -+ s;(z) = k1(x) + - - - + ki(x). However, since
Oiz = zsi(w)*”i(x)&@, this is equivalent to the definition given above.

Further, analogous to the case of a finite Q,-algebra, we can define what it means to give a
parabolization of a (p,I')-module over X.

DEFINITION. We say that a filtration
POzPogPlggPs:D

is a parabolization of D if each P; is a (p,T')-module over X and such that the quotients P;/P;_q
are finite projective R x -modules.

If P is a parabolization then since the associated gradeds are projective over X, we know that
we can specialize at a point z € X and get a parabolization

PRaL(x):0=Py®aL(x) C Pr®aL(x)C - C Ps®a L(z) =D,
over the residue field. We are now ready to state the main theorem.

THEOREM 4.13. Suppose that x € X is @-reqular. Then, there exists an open affinoid U > x
and a parabolization P of D over U such that

(a) P* ®4 L(x) = P2, and

x

(b) P" ®4 L(u) is a parabolization of D,, which is contained in P2°.

Notice that in order to define the canonical triangulations P, we have already “shrunk” X from
the beginning of the chapter. It is entirely possible that we still must shrink X more. That is, it
is not enough to just construct the pointwise triangulations.

4.2.2. Upper semi-continuity of non-critical parabolizations. Before we prove Theo-
rem [4.13, we are going to explain a sort of upper semi-continuity of the maximal non-critical
parabolizations. The result that we want to prove in this subsection is the following.

PROPOSITION 4.14. Suppose that x € X is -reqular and suppose that P, is non-critical.
Then P;,, is also non-critical for all u in some open affinoid neighborhood around x.

We remark that it is a formal corollary of the theorem, but we will also use it to significantly
shorten the proof of Theorem [4.13] in the minimally critical case. Further, it is psychologically
important (for the author, at least) to understand this kind of basic result from the beginning.
Finally, we also justify the short detour as the computations below will be used in Chapter
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The proof will follow from a series of lemmas. For notation, we define
A; =061+ 0;.

This is a continuous character A; : Q; — A*. We have as well, for each x € X, a continuous
character

Ai,x = gl,a: e ‘gi,x : Q;; - L(x)x

In general, we don’t expect ﬁm to be the evaluation of a character &z at x so the notation is
only meant to be suggestive. But, for example we see that P; ; is non-critical on X if and only if

Ao = A; . We first make some simple calculations at classical, non-critical points.
LEMMA 4.15. Suppose that x € X is p-reqular and that P; ;. is non-critical. Then

. j i _ 1 ifj=0o0rj=1
dimy ) H (N'D,/1)(A71)) = { /i ’

0 ifj=2
and
1 ifj=0
dimp ey B (NDA(ATD)) =1+ () ifj=1
0 ifj=2.
and
0 ifj=0
dimp ) HY (607 Do(ATD)) =4 (1) ifj=1
0 ifj=2

PROOF. Let m := rankRL(x) ND, = (7;) Choose any parameter (11, ...,nm,) of A'D, with
the property that nm = 51@ . gw = A, and Wt(T]quxl) > 1 for any ¢ > 2. By induction and
Proposition that

H (Rpp/t) = H° ((/\"Dx /t)(A;b)
is one-dimensional. Together with the Euler-Poincaré-Tate characteristc formula (Proposition
we get the first computation.

We do the next two computations at the same time. We claim that that for ¢ > 2, the characters
nqul and zn,A; ; are generic in the sense of That being done, the computations follows

2,2

from Lemma 2.28* We now prove the claim. Since wt(n,A;}) > 1 it suffices to show that neither
nqA_l nor znqA;:; of the form z7* for k > 0. We can actually deduce the same with any k € Z.

1T

So, assume that nqA;; = 2%, We see that

(4.7) Py (p) = PV R p A L (p) = p A A 4 (p) = ¢1(x) - gi(w).
By the dictionary Proposition this would imply that ¢1(z) - - - ¢;(x) is not a simple eigenvalue
on Deis(A'D,), contradicting that x is p-regular. O

LEMMA 4.16. Suppose that v € X is @-reqular and P, is non-critical. Then, the modules
HI(N'D/t(ATY), HI(ND(AY) and HI(t NV D(ATY)) are all locally free and satisfy base change
near x.

PROOF. Notice that Lemma [£.15 applies to all the y-regular points in X°. By Lemma [4.11]
such points accumulate at z. In particular, we can apply Corollary to deduce the result. Note

that Tor-group hypothesis is valid there as A‘D and A'D/t are each flat over X (the latter by [41],
Corollary 2.1.7]). I
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We are now in position to finish the proof of Proposition [4.14

PROOF OF PROPOSITION [L.T4l Suppose that x € X is p-regular. By Lemma we can
assume that H(A'D(A;1)) and HO(A'D/t(A; 1)) are each locally free of rank one and satisfy base
change. Thus, there is a unique (up to A*) morphism

(4.8) a: Ry(Ai) — A'D|,

of (¢,I')-modules over U.
Let w € U and consider the specialization

RL(u) (A,m) BN /\iDu.

By construction we have that a, is a non-zero element in the one-dimensional L(u)-vector space
Homy, 1y (A v, A'Dy,). On the other hand, we also know that the submodule RL(U)(EM) C A'D,
is saturated. Note that by Proposition we have EWA;& — pymi(w)tetmi(u) o T Thus,
Proposition [2.13] implies that the natural inclusion

Hom, 1y (R (Aiw)s RL(Aiw)) < Hom, 1y (R (Aiu), A'Dy)

is an equality for dimension reasons. In particular, «,, factors through Ry (A;,). In order to show
A = Ajy it now suffices to show that coker(ay,) is free over Ry, i.e. im(ay,) is saturated.

Since H7(t A" D(A; 1)) satisfies base change near = for each j (by Lemma again) and
vanishes for j = 0, we have an inclusion

Hom, 1) (R (Aiu), A'Dy) € Homury (R (Aiu), A'Dy/t) .
Since each is one-dimensional, we have equality and we see that the composition
R (Din) =5 N'Dy — (N'Dy) /[t
is non-zero. Thus im(ay,) is saturated inside A’D,, by Corollary O

REMARK. It is important that the term H'(t A’ D(A!)) satisfies base change. In fact, without

7

that we could envision that HO(t A" D(A; ")) = (0) but that HO(t A" Dy(A;,)) # 0 for some w.

4.3. Proof of the main theorem

In this section we prove Theorem [4.13] in three separate settings. We do this only as a matter of
clarity, not out of logical necessity. In fact, the reader only interested in the whole proof is invited
to skip ahead to §4.3.3|and read the proof there.

4.3.1. Proof of Theorem [4.13| in the non-critical case. We now prove Theorem 4.13
in the non-critical case. In the non-critical case, our proof closely follows ideas presented in [41],
Theorem 6.2.9] but with a view towards regularity hypotheses and allowing ourselves to shrink X
as necessary. This also gives a new proof of Proposition [4.12] in a neighborhood of any ¢-regular
non-critical point classical point.

Suppose that o € X is a ¢-regular point. Let P, be the canonical triangulation. By Propo-
sition we can, and do, suppose that P, is non-critical for all u € X and all 1 <7 <n.

LEMMA 4.17. There exists an open affinoid U C X and a parabolization Py C D over U such
that Py @4 L(u) = Py, for allu e U.
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PROOF. Since P, is non-critical, Lemma implies that there exists a U > x and an em-

bedding

Qo 'RU((Sl) — D‘U
such that im(ay,) ¢ tD, for any u € U. After possibly shrinking U further (by Lemma we
necessarily have that im(«,,) is the saturated submodule P;, C D,.

Consider @1 := coker(a). It follows then that Q1 = coker(a,) is the (¢, I')-module Dy, /R, (01,u)
over Ry, of rank n — 1. By Corollary we see that ()1 is projective as a Ry-module. Let
P, := im(a). Since @ is projective, Py ® 4 L(u) — D,, and defines a saturated submodule con-
tained in im(ay,). Thus, it must be equal to im(a,,) and we have proven the statement. O

Following the lemma we can now proceed to prove Theorem by induction rankg, D. The
key point here is that we have an exact sequence

0—-P—-D—-@Q1—0

where @1 is a (¢, I')-module over Ryx. It is easy to see )1 forms a refined family over X and if =
was non-critical and ¢-regular with respect to D, it is still non-critical and (-regular with respect
to 1. Thus the induction hypothesis can be applied to ()1 and we obtain the triangulation of D
on an affinoid neighborhood of z.

4.3.2. Proof of Theorem [4.13]in the minimally critical case. With the non-critical case
done, we move on to a slightly more difficult case. Note that away from the non-critical locus one
sees immediately the obstruction to carrying out the proof of is that one need not know that
it need not be true coker(P; — D) is projective over Ry (in the notation above). The next two
subsections deal with how to get around that issue.

We give the proof in the special case below for two reasons. First, it gives a more concrete
version of the proofs in the next section. Second, it is a uniform condition on the triangulation P,

for which the computations in §3.3.2| can be applied.

DEFINITION. Suppose that x € X with canonical parabolization P,. We say that x is minimally
critical if rankg, ., Grj P}¢ <2 for each j.

REMARK. A point z € X is minimally critical if and only if s;(x) is in the set {k;—1(z), ki(z), Kit1(x)}
for each ¢ > 2 and si(x) € {rk1(z), k2(z)}.

EXAMPLE 4.18. Let rankg, -~ Dy = 3. If D, is indecomposable, every triangulation is minimally
critical (see the explanation in Proposition [3.40). On the other hand, if D, is completely split with

distinct crystalline eigenvalues then three among the six possible triangulations are minimally
critical.

We now begin the proof of Theorem We will have to redo some of the computations
we had previously made but with a view towards keeping track of torsion. The following lemma
will also be used in the next section (it is Lemma with ¢ = 1—the non-critical hypothesis is
unnecessary in this case).

LEMMA 4.19. If x € X is p-regular then

1 if =0,

dimp ) H (Dy(61,)) =S n+1 ifj=1,

0 if j =2.
PROOF. Recall that the canonical triangulation has a parameter (gl,x’ e ,gnx) such that 51@ =
27™d1 , with m > 0. On the other hand, Lemma [4.10| implies that if j > 1 then 5”051*; is generic
and thus the computation follows from Lemma, [2.28] O]
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Fix now a point z € X which is ¢-regular and minimally critical. Without loss of generality
we can assume that at the point x we have that P, is critical but that P, is not. Indeed, if
P, , is non-critical then just apply Lemma until the point where Py, becomes critical. By

the discussion proceeding Proposition we have that gzx = z”‘i(@_si(‘”)ém. Thus since Py ; is
critical but P, is not, we have that

gl = an(:p)fnz(z)(sl =, and

B = 2R R0,

Moreover, by the upper semi-continuity of non-critical parabolizations (Proposition |4.14)), we can
assume that P, is non-critical for every point u € X. Thus, for every point u € X we have

(49) 51,u52,u - gl,uglu-
This assumption will remain in force, it will appear explicitly in the proof of Lemma [4.22

Continuing on, Lemma implies that the dimension of the cohomology groups H’ (D, (61, )

agree with the dimension of the cohomology groups H’ (D, (5] )) for all go—regular points u € X3¢,
computed by Lemma [4.15] Since such points accumulate at x, by Lemma we deduce by
Corollary 4. that after shrinking X we can assume that each cohomology space H I(D(671)) is free
and satisfies base change. Their ranks are computed by Lemma [£.19] With this in mind, we can
choose an A-basis

aq Rx((sl) — D
for Hom, ry(Rx(61), D) = H°(D(67 ). Denote, as before, the cokernel as Q;. By Lemma m
we may assume that H%(D,(§ i)) 0(51 u5_1) for all u € X.
Y)

Let u € X. Since H*(D(6;
injective for all v and

Ql,u = coker (RL(u) (51,u) = tml(u)RL(u) (gl,u) — Du> .
Thus, Lemma implies that we have a short exact sequence

(4.10) 0— Rx(6) =% D — Qy — 0.

satisfies base change, our previous comment implies that oy, is

Using again that oy, is injective for each u we deduce that

(4.11) Tor¥(Qi L(w) = (0) (5> 1),

Recall that we defined the integer mq(u) in Proposition We have that mq(u) < 0 and that
mi(u) = 0 if and only if Py, is non-critical. In general now, for u € X, we have a short exact
sequence of generalized (i, I')-modules over Ry,

(4.12) 0 — R (01,u)/t™® — Q14 — Dy/Piy — 0.

Consider again our fixed point x € X which is ¢p-regular and minimally critical. From now
on, we let M := ky(z) — k1(x) = —my(z) and consider the continuous character zMd; : Q) — A*.
Notice that

(M), = 22O = 5,

LEMMA 4.20. We have

1 ifj=0,
H (Qua(650)) =3n ifj=1,
0 ifj=2.
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PRrROOF. It suffices by the long exact sequence in cohomology attached to (4.12)) at u = x to
show

(i) HO(Rp(u)(01,0053)/tM) = (0), and that
(ii) D, /P, is almost generic in the sense of Lemma with respect to the parmeter (52@, 53@, ey Ong)-
Indeed, by (i) and local Tate duality (Proposition [2.16)) We have that the canonical maps

H(Q1.4(85)) — H(Dy/Pr4(551)

are all isomorphisms. The dimensions then follow from (ii). To prove (i), notice that Wt(glwgi )=
M. Thus, our claim follows from Proposition The second statement then follows because x
is p-regular (see Lemma |4.10)). O

LEMMA 4.21. For each j, Hj(Ql(z_Mégl)) is locally free near x and satisfies base change. For
7 =0 1t is locally free of rank one.

PROOF. We just computed the value of
(4.13) wi dimp ) H (Quu(z7Y65))

at the point © = = in Lemma Notice as well that by construction, (1 is a finitely presented
generalized (¢, I')-module in the sense of Proposition Thus, we have available the cohomology
and base change formalism of To finish the proof it suffices, by and Corollary to
show that there exists a neighborhood U of z and a Zariski dense subset of points u € U for which
attains the same values as it did for .

Consider any @-regular point v € XJ°. The parameter of the canonical triangulation is
(01,05 -+ 50ny). Since Py, is non-critical, the short exact sequence has no torsion submodule
and Q1 = Dy/Pi,. Moreover the (¢, I')-module QLu(z_M(SQ_ﬂlL) is almost generic, by Lemma
with respect to the parameter (z_M,(Sg’uz_Méii,...,6n7uz_M62jllb). Thus we compute its
cohomology, by Lemma [2.28] Since M > 0, we get

dimL(u) HO(QLU(ZfM(sQ_ﬂlL)) = dimL(u) HO(ZiM) =1.
We have finished the proof. O

Following Lemma we can shrink X and choose a basis
a9 . RX(ZM(SQ) — Ql

for Hom(, (Rx(2M65),Q1). Notice that for each u € X3¢, agy is the inclusion tMRL(ézu) —
D, /P . Thus, by Lemma we know that as is injective. Denote the cokernel by Q), so that
we have a short exact sequence

(4.14) 0— Rx(2M62) =5 Q1 — Q4 — 0.
What are the possible base changes of as? For each u € X, we have a long exact sequence
0— Hom(ap,F) (RL(u) (ZM(SQ,u)? 7zL(u) (gl,u)/tM> - HO(QI,U(ZiM(SQ_,i)) —
= HY (Do Pra("030)) = B (R (1) /1M (765 0)) = -

attached to (4.12)). Since we also know that dimp,) HO(QLH(Z*M(SQ_’D) = 1 and a9 arises from
base change, we get that for each u, as, arises as a one of two compositions:

(4‘15) Q2 ¢ RL(u)(ZM52,u) - [Ql,u]tor — Q1,u,
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or
(4.16) 2t Ry (2M02u) = Ry (02,)-

Notice that at u = x we are in the second case, along with all the non-critical points (because Q1
has no torsion there). In fact, we can assume that we are always in the situation (4.16). To see
this, consider the sequence

0 — R (zMa5)[1/8] 2 Qu[1/8] — Q414 — 0

of Rx[1/t]-modules. We can see explicitly that for all u € X the fiber of each term is free over
Rrull/t]. Thus, the function u — rankg, wl1/1] Q4[1/t] is upper semi-continuous on X by Propo-
sition and after shrinking X we can remove the case (4.15)). Actually, after knowing that the
base change o, is of the form we also deduce (rec) that

(4.17) TorX (Qh, L(w) = (0) (i j > 1).
We now prove the following key lemma.

LEMMA 4.22. After possibly shrinking X further, we can assume that Qb/tM is free over
Rx/tM.

PRrROOF. Since HO(Q1(2~Md;5 1)) is locally free of rank one and satisfies base change we see that
if u is a non-critical point sufficiently close to x then there is a short exact sequence

0— RL(u)(52,U)/tM - Q/Qu — Dy/Poy — 0.

On the other hand, by construction as, factors the inclusion Ry, (ggz) — Dy /Py

RL(J‘) (ZM(SZ,:E) e > Ql,:p

|

RL(:E) (52,1) ? Dx/Pl,x

Thus, there is a short exact sequence

0— RL(z)(gl,:v)/tM - Q,z,a: — De/Pye — 0.
In particular, the function
(4.18) u > rankg, oy Q5. /1

has a local minimum at the point © = x. It follows from Proposition that after shrinking X we
can assume that (4.18) is constant (and equal to n — 1) on X. We now claim that

(4.19) u— rankg g Q'Q’u/tM

is constant on X as well. Indeed, consider the base change map asg, again and recall that we
have shown that it must be of the form (4.16). As a module over Ry, (but not necessarily
(¢, I')-equivariantly) we have

(420) QIQ,U = RL(u) (gl,u)/RL(u) (51,u) @ RL(u) (SQ,u)/RL(u) (ZM52,U) @ Du/P2,u-

In order for Q/Q,u/t to be free of rank n — 1 over RL(U)/t we must have either 51# = 01, (so that the
first summand disappears) or ggm = M 92,4 (so the second summand vanishes). Now, we finally
use our assumption that every point in v € X has P, is non-critical (recall ) If 51,u =01
then gg,u = 02, and we see clearly see that Q’Zu /tM is free over Ry (y) /tM . On the other hand,
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if gzu = zM527u then 61, = zM6~1,u and we get the same result. Now that we see that (4.19)) is
constant we deduce that Q4 /t™ is (locally near x) free over Rx /tM by Corollary O

We next consider the exact sequence
0 — QM) — Q) = Q4 — Qy/tM 0.

By Lemma the quotient is free over Rx /t™. In particular, since Rx /t™ is flat over X (by
[41, Corollary 2.1.7]), so is Q4/tM. By and Corollary we then deduce that the natural
map Q4 [tM], — Q) ,[tM] is an isomorphism.

Now define 7

Q2 = coker (Q4[t"] — @5).

Note that Q4[tM], = [Q’Qu] o Decause either 010 = zMgLu or (3:2@ = 2M§5,. Thus, we see that
Q2.4 = Dy/Psy. In particular, Q2 is finite projective over Rr(u) and of rank independent of w.
We then conclude that @) is finite projective over Rx by Corollary Notice as well that the

natural map D — Q9 is surjective as it is defined by a composition of surjections. Finally, we let
P denote the kernel of this natural map, i.e.

0—>P,—D—(Qy— 0.
Since ()5 is finite projective over X we deduce that
P, @x L(u) = (ker Dy, — Q2,) = Pay.
Thus, again by Corollary we deduce that P, is finite projective and, moreover, P, @ x L(u) =
Py,

4.3.3. Proof of Theorem [4.13] at arbitrary classical points. Here we are going to give
the general proof of Theorem So, we fix a point z € X which is ¢-regular. We are going
to introduce (though we could’ve introduced it in the previous section, probably) the following
notation and keep it in force throughout this section.

DEFINITION. Let L be a p-adic field and Q a generalized (¢, T')-module over Ry. If (Q1,...,Qs)
is an ordered list of generalized (p,T')-modules over Ry, then we write

Q £ Pea:
i=1

if the following two conditions hold:

(a) Q= ; Qi as an Rp-module, and
(b) there exists a (p,T')-equivariant filtration 0 = Fy C Fy C --- C Fy = Q such that

GI‘iF. = Q’ia

fori=1,...,s.

G ~
EXAMPLE 4.23. Tf D, is the (i, T')-module at the point @ then Dy = @ Ry (m)(31.0)-

The proof of Theorem in the most general case relies on an explicit inductive construction
that will take some time to explain, but which is ultimately elementary in nature. Fix an integer
r with 1 < r < n such that P, is non-critical but P; . is critical for 1 < ¢ < r — 1. Recall

that the numbers s1(z),...,s,(z) are defined as the list of weights ordered from the parameter
(01,2y---,0n). Out of the number r we can generate an integer e > 1 along with sequences of
integers

l<spn<...<ja1<Ja=7
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and
l=i1 <o < <tg1 <ig<T
by declaring (with the convention that jy = 0)
Sjyeq () = min {sj,41(2),...,5:(2)} b=0,...,a—1),
ki, (2) = s, (20) b=1,...,a).
Notice that the final equality (resp. inequality) in the listing of the j, (resp. i,) follows from the
choice of r. It is best to understand these sequences through an example.

EXAMPLE 4.24. Let n = 5 and suppose (s;j(z)) = (k5(z), k2(x), k1(x), k3(2), ka(x)). Then, we
get
(J1,J2,73) = (3,4,5) and  (i1,iz,i3) = (1,3,4).
On the other hand, if (s;(x)) = (ka(z), k5(z), K1(x), K3(2), K2(x)) then
(1,72) = (3,5) and  (i1,i2) = (1,2).
The choice of 7 also implies we have the following numerical relation.

LEMMA 4.25. For b=1,...,a we have k;(x) < Kj, ,(x).
PROOF. Suppose that k;,(z) = sj,(x) > kj,_,(x). Then, by definition of j, we have that each
of sj, ,+1(x), s, +2(x), ..., sr(x) is larger than x;, ,(x). By the choice of r, the set
{Sjbil+]_(x), e sr(x)}
of r — jp5_1 — 1 weights would have to come from the set
{Hjb—1+1(x)7 R ’%T(x)}
of r — j, — 1 weights. Complementary to this, the set of weights {s1(z),...,s;, ,(2)} is the set

of lowest j,_1 weights {s1(z),...,kj, ,(x)}. Since this implies (by Lemma [2.24)) that Pj, , . is
non-critical, we contradict the definition of r. [l

The inductive construction we alluded to above is contained in the following proposition. After
the statement, we prove the theorem and finally go back and prove the proposition. We use the
convention that 441 = 7.

PROPOSITION 4.26. After shrinking X there exists a sequence of quotients
Do Qi Qi Q> Q
of generalized (p,I")-modules over X such that if 1 < b < a then:
(a) For every point u € X, Tor{(Q}, L(u)) = (0) = Tor{(Qp, L(u)) and
Qpul [Qbu) oy = Qo [Qbulior = Du/ Py
(b) At the point u = x we have

Gr ~
Q.2 | P Ruw@ia)/t" @@ | & Dy/P, 4, and
1<i<yjy
iy (2)<si(T)
ar T\ si(@) ki, (@)
Qba = P RiwOin)/ e ® D/ P,
1<i<yy

Kiyyq () <si(T)
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(c) Finally, for a subset of points u € X accumulating at x, we have

Jb

Gr
Qo = | D R (0:)/t @) | & Dy /P, 0, and
i=ip+1
Gr Jb ) )
Qo = | B Riw)(Gin) @i @) ) @ p P
1=1pi1
Moreover,
rankRL(u)/t Qﬁw/t = rankRL(m)/t ng/t.
and

1+ rankRL(u)/t Qb,u/t = rankRL(I>/t Qbﬂ?/t

Note that in (c), the xs appearing in ¢7:(®)=#i (%) are not a typo. With the proposition in mind,
we give the proof of the main theorem.

Proor oF THEOREM .13l We adopt the notation of Proposition If we take b = a then
J» = . Since K, , = Ky, the formulas imply that Qg , is a (¢, I')-module of rank n—r for u = = and
for u in a set of classical points accumulating at . Thus, Corollary implies that Q, is a (¢, I')-
module over some open affinoid subdomain U C X containing x. If we define P, := ker(D — Q)
then for each u € U we have (by (a)) a short exact sequence

0— P, ®x L(u) — Dy — Dy /Py — 0.

Thus P ®@x L(u) = P, is a (¢,I')-module over Ry, of rank r, for each u € U. Again, by
Corollary we have then that P, is a (¢,I")-module over U and the conditions of Theorem
are satisfied. The proof now easily follows by induction on n = rankg, D. O

REMARK. As the reader might notice, we used all the information from the proposition at b = «a
except the final statement about the ranks of the torsion modules. That information is only used
to keep the inductive process moving along.

The rest of the section will be dedicated to giving the proof of the proposition. To simplify the
exposition we are going to make a definition and then prove an easy lemma.

DEFINITION. Let L be a p-adic field and § : Q; — L™ a continuous character and N > 1 be
an integer. We then define
wt (RL((S)/tN) = wt(d) — N.

If S is now a generalized torsion (p,I')-module then we say that S has constant weight w if

for torsion (p,T)-modules S; = Rp(6;)/t™ of weight w = wt(S;).

We should note wt (R.(5)/t") depends on the torsion (¢,I')-module R (8)/tN only up to
isomorphism, by Proposition Thus the definition makes sense.

ExAMPLE 4.27. If Q/b@ is as the statement of Proposition |4.26| then [wa} has constant

tor

weight k4, ().
The following lemma will be used frequently in the inductive process.
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LEMMA 4.28. Let L be a p-adic field and suppose that Q is a generalized (o,T)-module over
R whose torsion submodule Qior has constant weight w. If n is any character such that either

Wt(’?) ¢ Z or Wt(”) <w then Hl(Q(UA» = Hi(eree(Tlil)) fOT’ all 7.

ProOOF. By the Euler-Poincaré-Tate characteristic formula (Proposition for torsion mod-
ules and the definition of constant weight w, it suffices to show H°(S(n~')) = (0) if S is a
pure torsion (¢, I')-module of weight w. However, if S = Rz (0)/tY with either wt(n) ¢ Z or
wt(n) < w = wt(d) — N then Proposition verifies this. O

We now carry out the inductive construction in Proposition 4.26f The construction is by
induction on a. If we take b = 0 with j, = 0 then the formulas are all true with Q) = Qo = D. Thus,
that is our base case. Suppose 1 < b < a and that we have constructed Q},Q1,...,Q} 1, Qp—1-
The following lemma gives the construction of Q.

LEMMA 4.29. After shrinking X, there exists generalized (¢,T")-modules
Qy_1 = Q;)(o) s ;(1) ey Q;(jb_jb—l) = Q)
over X such that if 0 < ¢ < jp — jp_1 then we have the following.
(a) For all u € X, Tory (Q/(C ,L(u)) = (0) and
Qb,(;/ [ ;;(,Z)} tor = DU/ijfl-i-C,u'

(b) At the point x we have

Jb—1tc
GB Ri(e)(01,0) /25O @ | & Do /Py, e

’izb( )<51(m)

IR

(c
Qb(,ac)

(c) For a set of points u € X° accumulating at x we have

( Gr Jb—1tc

/ Y

b,f;) = @ RL Z’u, /tﬁz(l‘) sz(x) @Du/ ]b teu
i=tp+1

Moreover,
/ /
rankRL(u)/t Qb(;)/t = rankRL(x)/t Qb(;)/t -1
unless ¢ = j, — jp—1, in which case we have rankg, Q. t = rankg /i Qp./t

PROOF. The proof is by induction on ¢ = 0,1,..., 75, — jp—1- The case of ¢ = 0 is the inductive

hypothesis on (J,_1. So, we suppose that ¢ > 0 and by induction we have constructed Q/b(c_l).

Notice that [ ;(;_1)} is a torsion (¢,I')-module of constant weight r;, (z) in the sense above.
’ tor

Since Wt(z”jb*ﬁc(w) ”Zb(‘r)djb \t+ex) = Ki, (), Lemma and the inductive hypothesis together
imply that

i I(c—1 Ki, (x)—kK; () e— i Ki(x)—K; o) ¢—
(421) H (Q( ()@ 51 1+w)) = H'(Dy/ Py, ye1,0(z" 0 0@t ),

for i = 0,1,2. Next, the (¢,I')-module D;/Pj, 1.1, is a trianguline (¢, I')-module over Rp,,) with

parameter (5jb—1+C,I? . ,g,m) Since z is p-regular we see by Lemma 4.10[ that the quotient

Dx/ij71+C*17€E( i)~ 1+C(x)6]b11+cx)
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is almost generic in the sense of Lemma Thus the cohomology groups appearing in (4.21)) are
completely determined by

Ho(gjb—ri-c mzmb(l‘)_ﬁjb—lﬂ( )5 ! )= H’ (Zﬁib(“")_sjb—ﬁc(x)) .

Jb—1t+C,T

Now, recall the definition of 4 is that
Ky (IL’) min {Sjb 1( SJb } - 0<cé1]1;]il—ljb_1 {Sjb_ﬁ-c(x)} :

Thus k4, () — $j, ,+c(z) <0 and we conclude by Lemma that

dimp gy H' (Q)5 ) (z70 @ meegot )

Jo—1tc,x
1 if i =0,
= 1+ rankRuw l)gc/ij_l_|_c_1,;,C ifi = 1,
0 if i = 2.

We now show that the dimensions above are the minimal possible dimensions near x by showing
they agree with sufficiently general points u € X ¢ accumulating at z. Let u € X}° and consider
the space

HO <Q;€Z_1)(Z’ﬁb(a:)_ﬁjb_1+C( )5.]_17 1+c, u))

By induction we have that
/( 1 i c 1
(22) H ([Q )] @ Tmerslt )

= HZ (Du/ij—l-‘rC(Zﬁib( ) H]b 1te= 1(3})5]—1) 1+cu)> .

for i = 0,1,2. By Lemma we know that k;, (z) < kj, ,+c(z) for ¢ > 0, with a strict inequality
for ¢ > 1. Thus, we have

dlmL(u) HO(Znib(x)fnjb,1+c(x)) = 1.

Moreover, if u € X3 is p-regular, this space determines the cohomology spaces appearing in (4.22))
(just as above, via Lemma [2.28)). Thus in order to show that

(4.23) dimL(x) HZ( ;(Z 1)( mb(x)—fcjb71+c(:v)5j_bil+c’z))

Jb—1tc,u

= dlmL(u) HZ (Q;)(;il) (Zﬁib(x)fﬁjb,ﬁrc( )6 1 ))

for a set of points u € X° accumulating at x and i = 0,1, 2, it suffices to show that there is some
set on which we have

0 /(c—1) iy (@) =Kjy_qte(z) 51 —
(4.24) H ( [ A Lor (250 @)=y e(e) 6jb,1+c,u)) = (0).
Let Z be the set of points v € X° which are ¢-regular and which satisfy

(4.25) Ki(u) — ’%jb71+c(u) < Ri, (z) — ’%jbfl‘i'c(w)?

fori=14p+1,...,5,_1+c—1. Notice that the left hand side is negative because we take i < jp_1+c.
Thus, by Lemma we know that Z accumulates at the point z. Next, note that if u € Z then
(4.24]) follows immediately from Proposition and the inductive hypothesis

Jp—1+c—1
[ /(c—l):|
byu tor

@ 7eL zu/tnzit nib(w)-

i=ip+1

IIZFSQ

88



Summarizing, (4.23) holds on the set Z accumulating at = and thus the functions

U — dlmL(u) Hz(Q;)(;—l) (z:‘ﬂ'b (l‘)_l‘fjb—lJrc(l‘) 5j_li1+c,u)

have local minimums at the point v = z. By induction Torf( ;)(c_l),L(u)) = 0 on X and thus
Corollary implies that after shrinking X (and replacing Z by its intersection, which is still
accumulating at z) we can assume that

HO (Q;)(C_l) (Zlﬁib (I)—ij,1+6(x)(5j_bi1+c))

is free of rank one and satisfies base change. We choose a basis element
j c —kRq /(c—1
o t"’ﬁ”]b,1+ (:B) K b(x)RX(djb,1+C) N b(c )

for this space.
By shrinking X even further, we may also assume that the base change a,, is injective and
factors the natural inclusion Ry, (05, 1 +cu) C Du/Pjy_4e—1u

t){jb71+6($)_mb (x)RL(U) (5jb71+c,u) = ’ Q/(C_l)

| |

RL(u)(éjb,l—i-c,u) — DU/ij—lJrC*LU

Indeed, we know by (4.21) and (4.23) that
aaf1ft] : (5O R (8, ve) ) 18] = Qe VI = (Duf Piyveta) [1/1]

is non-zero at u = = and on the Zariski dense set Z. Moreover, coker(a,[1/t]) is free over Ry, [1/1]
for each u. Thus, after shrinking X again we can assume by Proposition that this is true on all
of X. The claim then follows.

With these specifications in mind we now define

Q) = coker (#n-r RO R (5 L) 2 QY.

Notice first that since the base change a, is injective, it follows from induction that Tory® (Q; C), L(u)) =
(0) for all u. The inductive formulas for the shape of Q;(Z) are clear; for (c) please take the set

Z. We just need to clarify what has happened with the ranks of Q;(Z) /t for uw € Z versus u = x.
However, by construction we clearly have for any u that

-1
rankg, i Q;(,Z) /t = rankg (/t Q;(; ) Jt—eld)
where {9 € {0,1} and el =1 if and only if -1 t+e(®)=Fy, ($)5jb_1+c,u = gjb_l—l—c,u~ The values of
(c) : )
gy, are readily found:
(i) Suppose that u € Z. Then, gjb,ﬁc,u = 0j,_14cu, since Z C X°. Further, k;, (v) < Kj, ()
since ¢ > 0 (see Lemma . In particular, e =0foruez (and all c).

Ry +e(@) =85,y +c(@) 5.

(ii) Now we consider u = . We have §j, | yco = 2 o 14cz- Lhus,

6:(56) =1 sjb71+c($) = Hib(x)
= i1+ =0 (by definition)
= Cc=Jb— Jo-1-

From this we see that the statement about the ranks continue through the induction. O
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We are about to complete the inductive procedure to prove Proposition but let us just
summarize where we are at. So far we have inductively constructed quotients @, Q1,...,Q}_1, Qp—1
of D satisfying the hypothesis of Proposition[4.26] Further, we have explained how we can construct
Q}, out of Qp—1. We now will proceed to construct @ out of Q. The key here is going to be
exploiting the structure of ¢-torsion in the module @} or, rather, the structure of Q) /t over Rx /t.
At this point, we have to make a slight departure from the proof in the minimal critical case.
The new step that we need is contained in the following lemma—it has nothing to do with (¢, I')-
modules.

LEMMA 4.30. Let Q be a finitely presented module over Rx and assume for each u € X and
j > 1 that Tor (Q,L(u)) = (0). Fiz a point v € X and Z C X a subset accumulating at x.
Suppose, moreover that for all u € X we have

= i R

where
(a) v and s are independent of u;
(b) mi(u) > 1 is an integer for allu and i =1,...,s;
(¢) z+— min{_; {m;(z)} is constant on Z; let m be this minimum.
(d) m = min{_; {m;(x)} as well.
Then, there exists an open affinoid U > z such that Q/t™ is free over Ry /t™.

PRrROOF. Notice that u — rankg (w/t @/t is constant on X since s and r are independent of

u. In particular, after shrinking X we can assume, by Corollary that @/t is free over Rx /t. If
m = 1 then we are done, so we should suppose that m > 1.

We now prove by induction on 1 < m’ < m that @/ t™" is free over Ry / t™' . Tt suffices to show
that, after shrinking X, m’ < m;(u), for all i. Indeed, if that is the case then

Qu/t™ = (RL(U)/tm/>®s ® (RL(u)/tm/>®r.

We see then that @,/ t™ is free over R Lw)/t™ " for each u € X and that moreover it has constant

rank. We then apply Corollary |1.4] to conclude that @/ "™ is free over Rx / ™ in a neighborhood
of z.

So, suppose that it is true for m’ — 1 and we prove it for m’. Since Rx /tm/*1 is flat over X
(by 41, Lemma 2.1.7]), we can say that the same is true for Q/t™ ~!. By hypothesis we have
that Tor (Q, L(u )) (0) for all j > 1 and u € X. Thus, we can deduce by Corollary that

Qu[t™ _1] Q[t™ 1], for all u € X. Consider Q' := coker(Q[t" '] — Q). Since
Q[tm/_l] Qu tm —1 @ tmax{O m;(u) m’—i—l}RL(u) /tmi (u)

we see that

S
(4.20) Q= @Ry O g Ry
for each u € X. Now consider u € Z or u = x. By assumptions (c¢) and (d) we have that
mi(u) —m'+1>m —m'+1>1 and thus

rankg, i Q. /t=1+s
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for all w € Z and at u = x. Since Z accumulates at x, Corollary we can shrink X so that Q'/¢
is free over Rx /t. In particular then, on X we must have that m;(u) —m’ +1 > 1 for there to be
s terms in the large direct sum (4.26). That is, m;(u) > m’ on X and we are done. O

With this result in hand, we now move on to finish the proof of Proposition [4.26]
LEMMA 4.31. After shrinking X, there exists a sequence of quotients
QG=a » Q) » QP =
of generalized (¢, T)-modules over X such that the following hold. Let 0 < ¢ < iy — ip.
(a) For allu € X, TorX (Q\9, L(u)) = (0) and [ ,gfg]f = [@})oe = Du/Piy -
(b) At the point x we have
Jb ~
Qz(fg)c P Riwiw)/ P @ [ S DB .

i=1
Kiy+e(T)<si(x)

IR

(¢c) On a subset of points u € Z C X3° which accumulate at x we have

Gr g
Qg: @ R ) (0iu) /17 4@ | @ Dy /Py, .
i=iptot1

Moreover,
rankRL(u)/t Qéz/t = rankRL(z)/t Qéi/t
unless ¢ = iyy1 — iy, in which case rankg, ngci/t —1=rankg, /1 Ql(fi/t.

PrOOF. We prove it by induction on 0 < ¢ < 4541 — ip. Notice that for ¢ = 0 it is the inductive
construction of Q) = Ql()o), plus the statement about the ranks in Lemma So, we now suppose
that 0 < ¢ < 4p41 — 7, and that we have constructed Q,()C_l).

First, the generalized (¢, I')-module Q,(Lcu_ b /tis free over R/t for any u. Further, the function

-1
w > rankyp oy Ql(fu )/t

takes the same value at u = z as it does for uw € Z by (c). Since Z accumulates at x we deduce
that this function is minimized at u = x. Thus, Nakayama’s lemma (Proposition and Corollary

allows us to shrink X and assume that Q,(Jc_l)/ t is free over Ry /t.
Second, we claim that we can as well assume that Ql()cfl)/t“ibﬂ(x)_”ib“—l(z) is free over Rx /t"ite(@)~Hipte-1(2)

To do this, we have to show that the hypotheses of Lemma are satisfied by ngc_l) with
M = Ky ye(a) — Fiyre—1(). We have

(i) We have Tor{((Ql(f_l), L(u)) =0 for all w € X by induction.
(c—1)

b,u

(ii) Since the two functions u — rankg, { Lree and u — rankg, Ql(:u_l)/t are both

independent of u, we have, by Corollary 2.8 a decomposition as needed in to apply the
lemma. That is, (a) and (b) are true.

(iii) We just need to check the statements (c¢) and (d) about the minimums. At points in Z we
clearly have the minimum is kj,4¢(2) — Kiy+c—1(2) (remember it is the case of ¢ — 1 we are
applying induction to). At the point u = z we want to calculate

min {s;(z) — Ki,+e—1(x): 1 < i < jp and K, 4c—1(z) < si(x)}.
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But, it follows from the definitions of the 4, and j, that this minimum is K, c(2) — Kiy4e—1().

Just to summarize, we have shrunk X to the point where Q,()Cfl) / thipte(@)=hiy+e-1(2) ig free over
R /tn+e@Fi+e—1(2) - Consider the subspace Q;(c_l)[t”ibﬂ("”)*”ibﬂ*l(z)]. Since Ql(f_l) als has no
higher Tor-groups over X, Corollary [£.4] also implies that

(4.27) Ql()i_l) [tﬁib+c(ﬂf)—mb+c—1(ac)] ~ Qgc—l) [tnib+c($)_lﬁib+c—l($)]u
for all u € X. So, we define
Ql()c) := coker (Ql()c_l) [t“ib+6($)_"ib+c—1(z)] — Ql()c_l)) .

The first thing we notice is that Tor; ( l()c), L(u)) = (0) for all u € X. Indeed, that follows easily
from using that it is true if we replace ¢ by ¢ — 1 and (4.27). We just need to check that the

inductive shape of Q,()c) remains.
At the points u € Z it is clear that the inductive shape remains. At the point u = x we have

T Jb ~
(4.28) l(fm_l) [t'{ib“(x)_“ibﬂfl(x)] gﬁ“ @ tsi(f)_'fiﬁc(x)RL(x) (5i’1)/t8i(x)—ﬁib+c71(9€)'

=1
Kib-ﬁ-c— 1 (.I) <8; (3:)

Suppose that ¢ < ip11 — 4. By the definition of the jj, there exists a unique 1 < i < j, such
that s;(z) = Kiyt1c(x). Thus, the ith coordinate of (4.28) is Ry, (5i,m)/t5i(m)_"ib+c—1(w), which is

the same as the ith coordinate of Ql(fz_ Y The inductive shape of Ql(f; now follows, as well as the
statement about the ranks. If ¢ = ;11 — 7 then the inductive shape still holds, but we realize that
we didn’t drop a rank and thus we get the exception in the statement of the lemma. ]
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CHAPTER 5

Applications to eigenvarieties

In this final chapter we explain how the previous chapters can be used to deduce new results
on the local geometry of eigenvarieties. For the purposes of this thesis, we restrict to eigenvarieties
attached to definite unitary groups. Our main result is that we can produce upper bounds on the
Zariski tangent spaces of such families—they are evenly provably tight in significantly new cases.

Let us outline our methods. Consider an n-dimensional eigenvariety X for a definite unitary
group G attached to an imaginary quadratic extension E/Q in which p splits (this will all be
explained in . Then, at every point € X one has associated a p-adic Galois representation
pz : Gg — GL, (Qp). For simplicity, let us assume that p, = p®x L(z) arises from a representation
over the entire space X. In that case, one can consider the family of (¢,I')-modules Dyig(pp)
attached to p at a decomposition group above p (which is isomorphic to Gq,). By construction,
Drig(pp) will form a refined family of (¢, I')-modules over X. By the main result of Chapter |4} then,
one knows that locally near classical points we have an analytic variation of the associated non-
critical parabolizations. In particular, this is true on any infinitesimal neighborhood of a classical
point.

With this in hand, we follow standard techniques which have existed since the genesis of defor-
mation theory. The discussion above implies that formal neighborhoods of the space X naturally
embed into the paraboline deformation spaces studied in Chapter [3| (modulo questions at a finite
number of places, see . One can then apply Theorem there to produce upper bounds
on the size of the tangent space to X. In many cases we produce an upper bound which is also a
lower bound.

The organization of the material is as follows. In the first section we explain what we mean
by a eigenvariety containing an automorphic representation on a definite unitary group G. In
the next section we will give a brief tour of the Galois representations attached to automorphic
representations for G. The final section will contain our main results. Recall that we have chosen
isomorphisms ¢, : Q — Qp and ts : Q — C in the introduction.

5.1. Eigenvarieties for definite unitary groups

We fix F/Q an imaginary quadratic extension in which the prime p is split. Denote by ¢ the
non-trivial Q-automorphism ¢ : £ — E. Denote by v a fixed place above p with conjugate place,
so that p = vv°.

5.1.1. Definite unitary groups. Let A be a central simple algebra over F equipped with an
involution ¢ : A — A such that c|  1s the usual complex conjugation (thus there is no confusion in
notation). We also assume that A is unramified at the places dividing p (which is the case for all
but finitely many p). We then consider the algebraic group G /Q Wwhose points on a Q-algebra R
are given by

GR)={X € (A®qR)*: X -X°=1}.
If we write n? = dimg A then we call G a definite unitary group in n-variables. The real points
G(R) form a classical unitary group with some signature (r,s) and we say that G is definite if
rs = 0. Equivalently, G is definite if and only if G(R) is compact.
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EXAMPLE 5.1. The most familiar example is the case A = M,(E) and c is X — 'X¢ is the
usual Hermitian adjunction. The real points are the usual unitary group U(n)(R) over R and we
denote G = U(n) in this case as well. It has the following local properties:

(a) For each prime ¢ which is split in £ (e.g. £ = p), the choice of a place w | £ (e.g. v) deﬁnesﬂ
an isomorphism G(Qy) =, GL,(Qy).
(b) If n # 2 mod 4 then G(Qy) is quasi-split for each prime /.
In the case that n = 2 mod 4, there is no group G satisfying the previous two properties and which
is compact at infinity.

In the sequel we will be interested in the local properties of G (rather, automorphic representa-
tions for G). If £ is a prime we will use the notation Gy := G(Q). We denote as well the finite set
of places of E' at which A is ramified. For G = U(n) we have Sa = @ and for any A our running
assumption is that p ¢ Sa. If £ ¢ Sa is a prime split in E then the choice of w | £ determines (just
as in Example an isomorphism Gy 2, GL,,(Q/). Thus, the place w also determines subgroups

Ky := GL,(Zy), a maximal compact subgroup of Gy,
By := the upper triangular Borel,
Ty := (Qg)" = the diagonal torus, and

To,g =Ty N Ky.

5.1.2. Automorphic representations. For each decreasing n-tuple
k= (k1 >ka>-->kp)

of integers there is a unique irreducible complex representation of G(R), denoted Wy, of highest
weight k. If k is strictly decreasing then we say that k (or Wy) is regular. Let T' C GL,(C) be the
diagonal torus. If we fix an embedding G(R) — GL,(C) (there are two, each corresponding to an
embedding F < C) then the action of G(R) NT on the highest weight vector in Wy is given by
the character

n
(21, 0y 2n) — l_IziCZ

i=1
Let W be any such representation. Recall that A (resp. Ajy) denote the ring adeles (resp. finite
adeles) over Q. We denote by A(G, W) the space of automorphic forms of weight W:

f is smooth, G(R)-finite and

f(ag) = af(g) for all a € G(Q).
The compactness of G(R) implies that we have a decomposition

AGw) = @ =,

Too=W

A(G, W) = {G(Af) LWV

where 7 runs over the irreducible representations of G(A), m(w) is a non-negative integer and
T = Too @ my. The representation 7y of G(Ay) is itself a restricted tensor product 7p = @' m, over
the finite primes ¢, with each component 7y being a smooth representations of G(Qy).

Let

S1 = {¢: ¢ splits in £ and A is unramified at each place w | £} .
IThe place w | ¢ fixed, we consider the embedding j : E — E,, 2 Q. Then we have an isomorphism E ®q Q¢ =
QP2 is given by * ® a +— (j(z)a, j o c(z)a). Under this identification, we see that
G(Qe) = {(A,B) € GLa(Q)**: A-'B=1},
which is clearly determined by its (completely arbitrary) first coordinate A.
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Fix as well a set of primes Sy C S such that Sy has Dirichlet density one with respect to S;. Notice
then that the set {w: w | £ with £ € Sy} has density one within the set of all places of E. Indeed,
A ramifies at only finitely many places and the primes w of E above a split prime ¢ have density
one. The set Sy being chosen, we also introduce a compact open subgroup K? C G (A?) which we

call the a tame level. Notice that at a prime ¢ € Sy, for each choice w | £ we have an isomorphism
G(Qr) = GL,(Qg). We assume as well that K? is decomposed

(5.1) KP = Kg, K% = Kg, K’V Kg

where

o Kg, =G (230) is the standard maximal compact,

e S is a finite set of places (which we will assume contains p, though it does not matter here)
disjoint from Sy

o if £ ¢ SUSpthen Ky is either hyperspecial compact or very special maximal compact.

If 7 = @' m is an automorphic representation on G(A ) and 7 is KP-smooth then for each £ € Sy
and each place w | £ we get a smooth, unramified, representation m,, of GL,(Q/). We will briefly
review what such a representation looks like in the next subsection.

5.1.3. Representations of GL,(Q). Throughout this section, ¢ is any prime of Q, possibly
even { = p. If x : T;/Tyy — C* is a smooth character we introduce the normalized smooth
induction

maf} x = {/: Gi = C: f(bg) = x(4)3 (1) f(g) for all g € G, b € By}

Here, 0B, : By — C* is the modular character

. | = el el ol = T el
' . i=1

an

It is well-known that the representation Indgﬁ X has a unique unramified subquotient (). The
assignment x — m(x) has the properties

o m(x) = w(x) if and only if x7 = x’ for some permutationﬂ o€ Sh.
o Indgﬁ(x) = () if and only if x;(£)x;(¢)~t # € for any i # j.

Recall that the local Langlands correspondence, as resolved by Harris and Taylor for GL,,(Qy) [35],
defines a bijection

rec

™ (r(m), N(m))
between smooth irreducible representations 7w of Gy and n-dimensional Weil-Deligne representations
(r,N) of Wgq,. In the case that 7 is unramified we have
e N(m) =0 and ’I“(T(‘)‘IQ =1, and
14
o r(m)(Froby) is conjugate to diag(x1(¢),...,xn(¢)) € GL,(C).

2The character X7 is given by (z1,...,2n) = X(20(1), - - - Zo(n))
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5.1.4. Hecke algebras. The construction of eigenvarieties will depend on the choice of a
Hecke algebra H. We describe this now. The Hecke algebra is going to constructed out of local
Hecke algebras at each finite prime ¢. Here, for the first time, we begin to separate out the theory
when ¢ = p and with ¢ # p.

Let Gg be a locally compact, totally disconnected group with left Haar measure u. For any
topological ring R we denote by

C%(Go,R) = {f : Gy — R: f is continuous and compactly supported} .

Suppose that U C Gy is a compact open subgroup such that u(U) =1 (or, rather, we renormalize
w(U) =1). Then, we define the Hecke algebra H(Go,U) C C.(Go,Z) as

H(Go,U) :={f € Cc(Go,Z): f(ugu) = f(g) for all u,u’ € U}.

This is a (not necessarily commutative) algebra under the standard convolution product. If m is
a smooth representation of Gy then 7TOU is naturally a module over the Hecke algebra H(Go,U). In
fact, the assignment 7y — 776] defines an equivalence of categories between smooth representations
of Gy and H(Gy, U)-modules.

Recall that we fixed our tame level K? and a set of primes Sy at the end of The above
discussion applies to the group Gy = G(Ag,) with respect to its maximal compact open subgroup

U=Ks, =G (250). We define the spherical Hecke algebra
&= H(G(As,), G(Zs,))-

It is well-known that the algebra H¢" is commutative. To recall this, denote by wg, the uni-
formizing element of A g, which is the uniformizer ¢ in the ¢-coordinate. Then, denote by x; is the
characteristic function of the double coset

~

(5.2 6@s) (", ) 6.

This is evidently an element of Hg" and in fact there is an isomorphism

~ +1
Hey =2 Zlxy ..., op 1,20 = 1].

The algebra Hg" acts naturally on automorphic representations m of tame level KP. If 7 is a

G(Zso) is necessarily one-dimensional and thus 7 defines

~1
~ to get a character

representation with tame level K? then 7
a character Hgy' — C. We can post-compose with with ¢je

wﬂ,unr : Hggr - Qp-

We also must specify a local Hecke algebra at the prime p. Recall that we have assumed that
p is split in £ and A is unramified at p. We have also fixed our choice of v | p. Thus we have an
isomorphism G(Q,) =, GL,(Q). The Iwahori subgroup I C G(Q,) is defined to be the subgroup

*
I=49g€GL,(Z,): g= . .| modp
*

This is the higher-dimensional analog of the classical congruence subgroup I'g(p) C SLa(Z). It is
a compact open subgroup and we can consider the Hecke algebra H(G(Qp),I). Unfortunately, it
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is not necessarily commutative. To that end, consider the characteristic functions [Iu~I] of double
cosets Tu~ I where u™~ lies in the submonoid U™ C T}, given by

U™ = . ML > Mg > 2> My,

Mn

p

These elements of H(G(Qp),I) commute with each other and are invertible inside H(G(Qp), I)
(though not within U~). We define the Atkin-Lehner algebra A, as the subalgebra generated by
{{u" I}, cyy—, together with their inverses. In fact, if U denotes the group generated by U~ then
A, = Z[U|.

The algebra A, again arises naturally as the domain for certain characters attached to auto-
morphic representations unramified at p. Indeed, suppose that m, is an unramified representation
of G}, and fix a smooth character x : T),/Tp ), — C* such that m, = 7(x). We have a name for such
characters.

DEFINITION. A refinement of m, is the choice of a character such that m, = 7(x).

Let us return for a moment to the normalized induction Indgz x and consider the H(G), I)-

module of Iwahori-fixed vectors Indg;’ (x)!. Tt is well-known (see [5] §6.4.4], for example) that we
have a decomposition

G I,.A —SS ~v o *1/2
(5.3) Indy;? (x)" 4™ = P x765,""
O’GSn
The action of A, on the right hand side is through the natural action of U = T},/Tj .

Now assume that  is a refinement for 7,. We can consider the Iwahori fixed vectors m(x)!. Its
A,-semi-simplificiation embeds into the left hand side of ([5.3]).

DEFINITION. An accessible refinement is a character xo such that XO(;;/? appears in the induced
decomposition ().

We have some short remarks. First, any such character is of the form x for ¢ € S,. Thus,
an accessible refinement x“ is actually a refinement in the sense that 7, = m(x) = 7(x?). Second,

"5;1/ ? which appears

since 7, is smooth, the space WII) is finite-dimensional and thus any character y

in the decomposition of 7T£’SS is also a subrepresentation of 7715 . The third thing is that, as we have
mentioned, unless x;(p)x;(p) ' = p for some i # j we have that Indg(x) is itself unramified. Thus,
except in a special case, every refinement x° defines an accessible refinement.

As U = T,/Top, a refinement x determines a character A, = Z[U] X, C. Again, by post-
composing with Lpbgol we see it has a character A, — Qp. Note that the choice of y matters,
i.e. replacing y by x? will change the character. We will come back to this point shortly (and
renormalize the character itself, hence not naming it yet).

5.1.5. Galois representations. We describe here the Galois representations attached to au-
tomorphic forms 7 on GG. Choose an automorphic representation 7 for G' and assume that 7, has
regular weight, 7, is unramified and 7% has level KP. Recall again our decomposition and
specifically the finite set of primes S. If it offers no confusion, we denote by S as well the set of
primes of E/ above a prime in S, together with the two places dividing p.

We offer the following as both a proposition and also an assumption. After making the statement
we will go to some length to outline the known cases as can be best deduced from the literature. If
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p:Ggs — GL, (Qp) is a representation then we let p- be the representation g — p"(cgc), where
p" is the usual linear dual.

PROPOSITION/ ASSUMPTION 5.2. There ezists a unique, continuous, semi-simple representation

pr: Ges — GLn(Q,)
satisfying the following three properties.
(a) pr is conjugate self-dual: pr(n —1) = pt.
(b) Assume that £ € Sy. Choose a place w | L. If w is unramified at £ then p, is unramified at
1—n

w and WD(pﬂ’E V=SS = 1t rec(my, |det| 2 ).

(c) The representation py is crystalline at v. The Hodge-Tate weights are given by
k< -ko+1<---<—-k,+n-—1,
and WD(pTr’E V=SS =t rec(m, \det|1_Tn).

Before remarking on how to deduce (that which can be deduced) the result from the literature,
let us make some undeniable claims. First, the uniqueness of p, follows from the continuity, semi-
simplicity and property . Indeed, the primes of E above Sy have Dirichlet density one and so
this claim follows from Cebotarev. Second, @) actually follows from (]ED by considering the two
places w and w® dividing a prime ¢ € Sy and basic properties of the local Langlands correspondence.
Finally notice as well that @ implies

Prlg, . Zrr1=1)g, -

Thus it follows from the third condition that p, is crystalline at v¢ as well. The reader is welcome
to work out its Hodge-Tate weights and the characteristic polynomial of its crystalline Frobenius.

Let us now remark on the proof. There are two separate issues: Langlands base change between
G and GLj, /g and the construction of Galois representations for automorphic representations over
GL,,. Let us focus on the second point first.

Denote by II an automorphic representation of GLy, /. We assume that II is regular, cuspidal,
algebraic and essentially self-dual: T1° = IIV. The Galois representation corresponding to II was
then constructed by Shin [60, Theorem 1.2] under the extra hypothesis that II be Shin-regular
(which means regular if n is odd and something slightly stronger if n is even). For Shin-regular I1, the
local-global compatibility at primes away from p and the crystalline property at the primes dividing
p were proven in loc. cit. At the primes dividing p, the local-global compatibility was proven by
Barnet-Lamb, Gee, Geraghty and Taylor [I]. The constructions of the Galois representations for
non-Shin-regular II is obtained via an eigenvariety argumentﬂ due to Chenevier and Harris [18].
A weak form of local-global compatibility away from p and, again, the crystalline property at the
primes dividing p is also proved in loc. cit. The strong form of local-global compatibility away
from p in these cases was proven by Caraiani [13, Theorem 1.1]. The full local-global compatibility
at places dividing p in the non-Shin-regular case is also due to Caraiani [14], though for the the
crystalline case we restrict ourselves to on the group G it would be enough to use [1, Theorem A].

The question remains as to when one can use the previous paragraph to construction the
representations given in Proposition This is a question of functoriality in the Langlands
program—specifically, base change. The situation here is slightly more dire than the above. In
fact, Proposition [5.2| can, at the moment, only be deduced in the following two known situations:

e The explicit work of Rogawski [54] settles the cases of n < 3.
e If G(E,,) is a central division algebra at a finite place w then he follows from work of Harris
and Labesse [34]. Note that this condition rules out the groups U(n).

3Using the same eigenvarieties we are attempting to explain!
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There is more to say, however. Had we worked with a general CM extension E/F and G a definite
unitary group over F attached to this extension then all instances of base change are known in the
case that F' # Q by [44]. One should note that the footnote on the first page of loc. cit. suggests
that the case of F' = Q will soon be treated as well. In summary, we know Proposition for sure
in the two cases bulleted above, but the general case is probably within reach of current technology.

Let us finally point out that Proposition makes no claim about the irreducibility of p,. This
has nothing to do with base change and everything to do with questions over GLy, . In general,
one expects that the representations attached to cuspidal IT will be irreducible, though this seems to
still be unknown. For a result in this direction, however, we note that a recent preprint of Patrikis
and Taylor announces a result [52, Theorem D] that if we fix 7 with cuspidal base change II then
there are infinitely p for which p; is irreducible.

5.1.6. The relationship between automorphic and Galois data. In order to bring to-
gether the p-adic interpolation of automorphic representations with the p-adic interpolation of
Galois representations, we would do well to remind ourselves what the local-global compatibility
statements (]ED and of Proposition an. Specifically, we want to relate p, to the charac-
ters of the Hecke algebra described in §5.1.4] Let 7w be as above and fix a prime ¢ (including the
possibility that ¢ = p for the moment) so that 7, is unramified and ¢ is split in E. Choose a place
w | £ (taking w = v if £ = p).

If £ # p then the local-global compatibility statement Proposition (]ED is equivalent to

pr(Froby) and ) ieer(my |det|177n)(Fr0bw) having the same characteristic polynomials. In the

1—n
case that ¢ = p Proposition is equivalent to the operator ¢, Lyoor(my |det| 2 )(Frob,) having

the same characteristic polynomial as the crystalline Frobenius ¢ acting on Deyis(px . We now

5,)
compute the automorphic side of these relations.

We first concentrate on £ # p. Choose a smooth unramified character x : T, — C* such
that m, = 7(x). We consider the character x as a product of n characters x = [[; x; with
xi : Q; — C*, trivial on Z;. Then, as remarked earlier we have

r(my) (Froby) ~ diag (x1(£), ..., xn(¢)) .

Thus, we see that

(5.4) r(mw [det| 2" ) (Froby) = (r(ﬂw) @) o Am) (Froby)

n—1

~ diag (£ 1 (0), -, T xa(0))
On the other hand, as explained in §5.1.4], the representation m,, defines a character

~ T;Z)ﬂw,unr -~
(5.5) H(G(Q), G(Zy)) 2 Zlag ', wna] ™57 Q,,
The space WS(Z‘) is one-dimensional and one can explicitly compute the action of x; on a basis
element using the double coset (|5.2). What one discoversﬂ is that

n n

(5.6) S D) Wy e (2) X = [(X — €77 xi(0)).

i=0 i=1
Combining (5.4]), (5.6) and Proposition (]ED, we see that the character ¥r, unr encodes the same
information as the characteristic polynomial of pr(Frob,).

ALet us just give an example, with n = 3 and ¢ = 2. Then, we have a decomposition

1 1 -1 (1 £—1 L b ¢
GL3(Z¢) ( 1 ) GL3(Z¢) = < 1 ) GL3(Ze) U || ( Y4 b) GL3(Zo)u | | ( 1 ) GL3(Zy)
‘ ‘ 1 1

b=0 b,c=0
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Now suppose that £ = p. The computation of the Weil-Deligne representation is still fine,
but we will push further in our interpretation on the Hecke side. Recall that the Atkin-Lehner
algebra A, is the subalgebra of H(GLy(Qp),I) generated by the group U. Let x be an accessible
refinement 7,. Recall that in our discussion at the end of we explained how the character y
determines a character x : A, — Qp, because U =2 T),/Tp,. We now normalize this character by
the following formula

(5.7) Yo = X050k,

where 6y : T}, — Q; is given by

(5.8) Oi (diag(z1, ..., 2)) i= 2/ - 20
We introduce elements

(5.9) w; = [Tz 1 I][Ix, 1] € A,

for i = 1,...,n. Passing from the left hand side to the right hand side of (5.3|) we see that u; acts
on Ind%(x)"* through the value of the matrix
Licixiaa
u; = D €eT CA,.
Infi X Infi

. —-1/2
on the various characters x7d, 2,

We can then easily compute the value of ¢, \ on the elements u;:

(5.10) Ure () = xa(p) |5 ) p

Ly ki— H—l

n+1 27

ki

= xi(p)p" 7
Comparing this with (5.4) and Proposition E , we see that the action of the crystalline Frobenius
o on Dqyig pﬂ‘ Cr has characterlstlc polynomlal

Ey ) 3

In particular, the crystalline eigenvalues for p, are the numbers p®=i ,, \ (u;) where k; r is the ith
Hodge-Tate weight of p, (when ordered in increasing order). Moreover, the choice of the accessible
refinement y determines an ordering

(5'11) (p_kl%,p,x(m),p_k”l%,p,x(W% e ,p_k”"_lwmp,x(un))

Thus if f is a basis of rG%0 ~ Ind%(x)G3(Z0) then it is determined by f(1). Recall that g =
diag(|—|,1,|—|"") in this case. Then

1 -1 1 -1 L b c
T f(1) = f 1 +Y  f cul+> s 1
l b=0 1 b,c=0 1

w|+2m|a+zm y1e | £

b,c=0
:E@ﬂ@+xﬂ@+xﬂ@ﬁﬂ)
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of the crystalline eigenvalues. We end with a short remark on the regularity of the eigenvalues.
Recall that if m, = 7(x) with x;(p)x;(p)~' # p then every refinement is accessible and m, =
Indg(x). In particular, the previous discussions says that every refinement is accessible if and only
if ¢ # p¢’ for any choice of crystalline eigenvalues ¢ and ¢'.

5.1.7. Eigenvarieties. Our final preparation is to describe what we mean by an eigenvariety
and give its main properties. The statement of our theorems on eigenvarieties will wait until
Throughout we will denote by W the rigid analytic weight space

W := Homeons ((Z)", GLE) .

The C,-points are a disjoint union of polydiscs. It contains a collection of points Z" given by

(K1y. s k) ((Zl,...,zn)szl...zkn>

In particular, if k is a highest weight for a G(R)-representation then sequence k € Z™ corresponds
to the point dx € W(Q,) we defined in ([5.8)). We will make use of a standard notation

2" ={keZ": ki >ky> - >ky}.
The set Z™~ is Zariski dense in WW. Moreover, each subset of the form
)" = {(kl,...,kn) ez ki—kiyg >cfori=1,...,n—1and k, > c}

is Zariski dense and accumulates at every point in Z".

Consider automorphic representations m for G with regular weight and such that 7, is unram-
ified. We recall that we have defined our set Sp and the unramified Hecke algebra Hg". Assume
that 7 is unramified on Sp. In that case we have a character ¥ ynr : g(r)‘r — Qp by . Consider
as well the choice of an accessible refinement y for m,. Recall as well that x defines a character
Yrpy by the formula . Thus, if we define H = A, ® HE" then we get a character

wﬂ',x : H - Qp
given by ¥y = Y py @ Vr une. Define now a set
Zy = {(wmkaﬂ)}(w,x) C Hom(H,Q,) x Z™~,
where (7, x) runs through the possible choices above.

REMARK. We want to make a quick remark on the choice of the Hecke algebra H. In particular,
we keep reminding the reader that the primes above Sy have density one among all the primes of
FE but seen as a set of primes of Q we get at most half the primes. However, if we fix 7w as above
and assume that it has tame level KP decomposed as in then we could as well consider any
commutative algebra H50U{P} ¢ H(G(A%), K%0) and study characters H @ H% — Q,.

However, for arithmetic information our specifications are sufficient. Indeed, The Galois repre-
sentation p, is completely determined, as mentioned in by information at primes in Sg. If
we have sufficiently strong instances of Langlands functoriality available to us then one should be
able to recover, from p,, the Hecke information for 7 at places away from Sy as well. Note that we
aren’t saying that 7 is determined by p, (in fact strong multiplicity one fails for unitary groups)
but rather systems of Hecke eigenvalues for 7 are determined by p.

Continuing on with the description of an eigenvariety, we make one more choice. We let e €
CC(G(A?OUP ), Q) be an idempotent. Assume that we have extended it to Co(G(A%), Q)) trivially
at primes in Sp. The element e acts on automorphic representations m and we let

Z, = {(¢7r,xv k):e(nf) # (0)}.
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For example, we consider again our tame level KP and we let exr be the characteristic function of
K? C G(A’}) (scaled so that it is idempotent). In that case, ex»(7P) # 0 if and only if 7 has tame
level dividing KP. We suppose from now on as well that eexr = e, i.e. every element of type e has
tame level KP.

We refer to the set Z, as the refined automorphic representations of type e. One of the main
results of [15] (see as well [5, Theorem 7.3.1]) is that an eigenvariety for Z, exists. If = is a point in
a rigid analytic space X we use ev, to denote the evaluation map ev, : I'(X,O) — L(z). We also
introduce elements F; € T'(X, O) given by Fj(z) = ev, o9)(u;), where u; € A, are given by (5.9).

PROPOSITION 5.3. An eigenvariety of Z. exists. That is, there exists a reduced rigid analytic
space X equipped with

(a) A character ¢ : H — I'(X, 0),

(b) An analytic map w: X - W,

(c) An accumulation subset Z C X(Q,).
such that

(1) The natural map
X(Qp) — Hom(H,Q,) x W
x +— (evy o), w(x))
induces a bijection between Z and Z.. .
(2) (’);%x is topologically generated over O{/I\%’w(gg) by the germs of functions ¥(H) C O;%x.
(3) Let ug = diag(p"~*,...,p,1) € AX. Then, the map (w,¥(uo) ™) : X — W x Gy, is finite.
The data (X,,w,Z) is unique up to unique isomorphism (in an evident sense) from just these
three axioms. Moreover, we can also say

(1) X is equidimensional of dimension n.
(II) Let Z' C Z be the set of points z such that
(1) w(z) = (k1z ... kn,) € LM,

(ii) for eachi=1,...,n — 1 we have
Up (Fl(z) e FZ(Z)) < ]ﬁ"Z — ki+1,z + 1.
Then, Z' is Zariski dense in X and accumulates at every point of Z.

PROOF. First, the uniqueness statement is [5, Lemma 7.2.7]. The existence is given by [5],
Theorem 7.3.1] except that the theorem as stated only says that Z’ accumulates on itself. However,
the proof they give clearly implies our statement. We include it for the reader’s convenience.

By [5l, Proposition 7.3.5] we have that any point z € X satisfying condition (i) and (ii) is
necessarily at point of Z, i.e. must be classical. This is an analog in this setting of the classical
control theorem due to Coleman [21] Theorem 6.1]. To see that these points are dense in an affinoid
neighborhood basis of a point of z € Z, consider any open locus z € U on which u — vp(ev,, 9 (u;))
is constant for each i. Then U is admissibly covered by open affinoids V' so that w(V') is open W
(see [5, Theorem 7.3.1]) and w‘v is finite (and each F; has constant slope, still). Recall that any
set of the form

Z?’i = {k eZ"v ki — kiy1 > C}
is Zariski dense in w(V') since w(z) € Z". In particular, taking

¢ = — 1+ maxvp(Fi(z) - Fi(2),
7
we see that the points satisfying (i) and (ii) are dense in V' and we conclude this final point. [
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5.2. Galois representations over eigenvarieties

The rest of the relevant properties of eigenvarieties, for us, will be described in terms of the
family of Galois representations. Recall that Proposition [5.2] says that to a regular algebraic auto-
morphic representation 7 for G' there is associated a Galois representation pr : Gg,g — GL, (Qp)
satisfying some amount of compatibility with the local Langlands correspondence at a density one
set of places. By if z is a point corresponding to 7 on an eigenvariety X then p, is com-

unr

pletely determined by the unramified part ev, oty : H S L(z). In fact, the assignment 7 — pr
interpolates along an eigenvariety by the following result.

ProOPOSITION 5.4 ([5] Proposition 7.5.4]). For every point x € X(Qp) there exists a unique,
continuous, semi-simple Galois representation

Px * GE,S - GLn(Qp)
characterized by: for all w | ¢ with £ € Sy we have
(5.12) det(X — pg(Froby)) = Y (=1)"" evy o) (1) X'
i=0
In particular, tr(py(Froby,)) = evy op(n—1,w)-

Here, there x; are the Satake parameters defined in with the subscript w denoting that we
are seeing it in the local Hecke algebra via the place w (incuding an isomorphism H(G(Qy), Ky) =
H(GL,(Q¢), GL,(Z¢))). For points © = z = (¥r, kr) € Z associated to an automorphic repre-
sentation 7 of regular weight k., the representation p, is p, (notice it is independent of x). The
calculation of this trace was shown in (|5.6)).

From the points of Z one can obtain, via the above interpolation, various facts about the Galois
representations p,. For example, one immediately deduces from that for all z € X (Qp) we
have that p; = pz(n —1).

Let us make some short remarks on the proof of Proposition [5.4] as we will need it to make
refined families of (¢, I')-modules as in Chapter [4f What one considers is the pseudocharacterﬂ

T:Ggs—T1(Z,0)

given by T'(g)(z) = tr(p.(g)), where p, has been defined at points of Z by Proposition There
are two steps now. First, by a clever argument due to Chenevier [15, Proposition 7.1.1] one shows
that T" extends to a pseudocharacter T': Gg g — I'(X, O). Second, one specializes back to a given
point x € X (Qp) and constructs a Galois representation by Taylor’s theorem [61], Theorem 1(2)].
In any case, over the space X we have a pseudocharacter 7' : Gg g — I'(X, O) and we make free
use of it from here on out.

LEMMA 5.5. Suppose that x € X(Qp) such that p, is absolutely irreducible. Then, there exists
an affinoid x € U C X and a representation p : Gg,s — GL,(I'(U, O)) such that tr(p) = T‘U and
P ®rw,o) L(u) = py for allu e U.

PrOOF. Let A be the rigid local ring A = Ogi(gx. By Newton’s method, A is a local Henselian
ring. It then follows from the absolutely irreducible hypothesis on p, that p, lifts uniquely to a
representation p, : Gg s — GL,(A) (this was proven, independently, by Rouquier [55], Corollarie

5Recall, if G is a topological group and R is a topological ring then a d-dimensional pseudocharacter is a
continuous function T : G — R satisfying T(1) = d, T(gh) = T'(hg) and the so-called Frobenius identity relating
T(g192 - - - gn) to the values of T' on various subproducts. An example of such a function is T' = tr p for a continuous
representation p : G — GLy(R). For a precise definition along with the basic results in the theory of pseudocharacters,
please see [55]. They also go under the pseudonym pseudorepresentation.
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5.2] and Nyssen [51], Théoreme 1]). By [5, Lemma 4.3.7] (please put, for their notations, M = p,)
there exists a representation p satisfying all but the final condition. The final condition follows
by Taylor’s theorem if we semi-simplify the representation p ®p(,0) L(u). However, since the
irreducibility locus of p is Zariski open and p, is absolutely irreducible, we can further shrink U to
ensure that there is no need to semi-simplify. O

REMARK (Joke). For the first time since first semester calculus I made a reasonable citation of
Newton’s method and Taylor’s theorem in the same paragraph.

REMARK (Serious). It is expected that the hypotheses of Lemma are true at the points in
Z though it is only known if n < 3 (but, see the paragraph preceeding at the end of §5.1.6)).

We are going to be interested in the local properties of p on decomposition groups Gg, C GE,s.
If w ¢ S then the variation is clear: the representations are all unramified and Proposition tells
us that tr p(Frob,,) varies analytically over X. It remains to describe the behavior at places of S.

5.2.1. The variation of (p,I')-modules at places v | p. Fix now a point z = z € Z such
that p, is irreducible. By the Lemma [5.5 we can choose an affinoid open z € U C X such that for
all u € U, p, arises via specialization from a bona fide representation p over U. By Proposition
1.13| we can construct a (¢, I')-module D := Drig(p‘GEv) which is the p-adic interpolation of the

(¢, I')-modules D,, = Drig(p“|GEv)'

To fix notation for the next result, consider the characters o; : Z; — Z; given by 2z — z
We extend each o; to a character on Q,; trivially at p. Recall as well that prior to Proposition
we defined functions F; € I'(X, O).

1—3

LEMMA 5.6. The family of (¢,T')-modules D forms a refined family over the space U. The extra
data is defined as follows.
(a) If u € U then w(u) € W(L(u)) is a character (Z;)@n — L(u)* which we see as a n-tuple
of characters (w1(u),...,wn(u)). The characters 6; is are defined by
0i = 0 - wi(u) unr(F(u)).
(b) The set of classical points is defined by Z.

PROOF. We need to check that the data (U, D, d;, Z) satisfies the axioms (R—(R. Let
z € Z be associated to an automorphic representation m with regular weight k, = (k1 > ko > -+ >
kn). Recall that w(z) = 0k is defined in (5.8]). From that definition, we have

wt(0; 2) = wt(wi(z)) + wt(oi(2)) = ki +i—1
By Proposition [5.2] we have that (RE[I]) is true at points z € Z as well as the first half of (RF{3) and
all of (RE]2). The second half of (RF3) follows from the computations we made in §5.1.6|because the
list of values is the same (by definition) as the list of values (p"*O1=) Fy (2), ..., p"*0n2) B, (2)).
Deﬁneﬁ now k; € I'(X, O) by k;(u) := wt(d; ). The rest of (R (that wt(d;,,) is a Hodge-Tate-Sen
weight of D,,) follows from [5l Lemma 7.5.12].
It remains to show the density statements (R holds. We have to consider the points in Z

which are non-critical. Let z € Z. Then, as we have already mentioned, the crystalline eigenvalues
of ¢ acting on Deis(D,) are given by

(@1(2), -+ 0a(2)) = (P FL(2), ..., p P Fo(2)).

6The k; are formally the ith coordinates of the composition X — A"™ — A™ given by log, ow followed by the
affine change of coordinates (y1,...,yn) — (=y1,1 —y2,...,n — 1 —ypn).
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Consider the set Z’ defined in Proposition Suppose that 2/ € Z’. Then, we have
vp(d1(2")) = K1(2) +vp(F1(2)) < k2 (2),
and if ¢ > 1 then
Up(01(2) -+ ¢i(2)) = K1 (2) + - + ki(2) + vp(FL(2') - - Fi(2)
< k() 4+ Ric1(2) + Riga ().

It follows from Example 12.25 that any point 2’ € Z’ is non-critical. The axiom (R follows as in
the proof of Proposition O

5.2.2. The Weil-Deligne representations at places of S away from p. Our goal here is
to recall some notation used in [5] in order to explain the behavior of the representations {p;} .y
at primes w{p in S.

Let m be an integer and if A is a commutative ring denote by .J,;, the nilpotent operator on A™
with Jp,(e;) = e€;—1 for i =2,...,m and Jp(e1) = 0. Recall that if NV is a nilpotent matrix over a
field k then it has a Jordan form (after passing to k)

N ~ Jtl(N) DD Jts(N)
where t1(N) > --- > ts(N) are integers, uniquely determined by this ordering.
DEFINITION. If N and N’ are two different nilpotent matrices then we say that N < N’ if
t(N) + -+ i(N) S i (N') + -+ 4(N'),  for alld.
We say that N ~ N’ if N < N and N' < N.
If N and N’ are the same size, over the same field, then this is equivalent to N being in the

Zariski closure of the conjugacy class of N'. We don’t in general require N and N’ to have the
same size or the same coefficients.

0 0 0 1
EXAMPLE 5.7. (0 0) =10 J < Jy= (0 0).

Let F be a local field. Suppose that (r, N) is a Weil-Deligne representation of F'. Then, if 7 is
a finite-dimensional irreducible representation of Ir we can consider the 7-isotypic component 7[7]
of 7. Recall that for all g € Wr we have 7(g~')Nr(g) = ||g|| N. In particular, Iz commutes with
N and so N preserves r[7]. We denote by N, the induced nilpotent operator in Endc(r[7]).

DEFINITION. Let (r, N) and (r',N'). We say that N <1, N' if N. < N for all 7. We say that
N ~p. N if N; ~ N for all T.
Notice that if N ~, N’ then T‘IF = T/}IF' Indeed, N ~p, N’ implies that dimr[r] = dim7’/[7]

for each finite-dimensional irreducible complex representation 7 of Ip.

EXAMPLE 5.8. Suppose that r is n-dimensional and that (r, N) <, (19",0). If 7 # 1 then

0, = 0. Since 01 = Jl@" we get
0 if 1
dimr[r] = e 71
n ifr=1,

and we see that (r, N) must be unramified.

We put ourselves back into the eigenvariety setting as before. Choose a point z € X (Qp) such
that p, is irreducible. If the reader wishes, they may just chose x = z € Z. By Lemmal|5.5| we know
that on some affinoid neighborhood U of z, the representations {p,} weU(@,) all arise from a single

P

representation py : Gg,g — GL,(I'(U, ©)). To simplify notation assume that U = X. In that case
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the local ring (’)Ei(gu is reduced and thus we can form the total ring of fractions F), := Frac((’)gi(gu).

This is a product of fields

F, = H FZ(u),u
Z(u)

running over irreducible components Z(u) passing through u. For each u € U there are then three
representations p,, p, and nge(I;) labeled as:

(5.13) GLn(L(u))

Pu

G5~ GLA (ORF,)

%l

GLn(Fz(u)u)

If w is a place of E then for any p we can consider p,, := p! Gp o @ p-adic representation of the

local field E,,. Fix a w { poo. Going back to the picture ([5.13)), it is well-known that attachedl] to
Pu,w there is a Weil-Deligne representation (7., Nyw). Slightly less well-known is that the same

is true for nge(I;) (see [5, §7.8.4]) and we denote the associated representation by (r%e(z) w Noo ).

Z(u),w
The decoration is justified because by [5 Proposition 7.8.19] we have that N %?2) ., depends only

on Z(u) up to ~y, . The content of our discussion is contained in the following proposition.
PROPOSITION 5.9. If x € X such that for all z € Z we have N 4, <Ig, Ny then

'bvx‘IEw = pm‘IEw ®L(m) OEI(%;E
PrOOF. This is given as [5, Corollary 7.5.10] but we include the steps leading to the corollary

(with reference) for the convenience of the reader. The first step is that for each irreducible
component Z(z) passing through z, there exists a point z € Z such that N %‘zg) ~Ip, Nz Indeed,

in general we have that N, <7, N ?E

Zariski open and dense set of points on a fixed component Z(u) (by [5, Proposition 7.8.19(ii)]).
Taking v = x and using that Z is Zariski dense we get the first claim.
It suffices, by [5, Proposition 7.8.9], to show that for each irreducible component Z(x) we have

en

that Ng(x) ~1g,, Nz. However, the assumption that N, . <15 Niw for all z € Z implies that

N gzz) <1p, Nz by the first claim. As we already mentioned, though, we have N, <r, N %?2) and

thus we get our claim.

2) for any u ([5, Proposition 7.8.19(iii)]) with equality for a

If r : Wg, — GL,(B) (for any ring B) is any representation then we say that r admits a Weil-Deligne
representation if there exists a nilpotent operator N € My4(B) such that

r(g) = exp(tw(g)N)

for all g in an open subgroup of Ig,. Here t, : Ig,, — Qp is any continuous group homomorphism and exp is
the usual exponential, well-defined as N is nilpotent and commutes with ¢, (g, ). If 7 admits the structure of a
Weil-Deligne representation then the choice of t,, is irrelevant and N is unique.
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5.3. The local geometry of eigenvarieties via deformations of Galois representations

We are now ready to study the local geometry of an eigenvariety via the the deformation
theory of Galois representations. Below we describe two representable deformation problemsﬁ
xPUNK — xPK of Galois representations. We show that the completed local ring of any idem-
potent eigenvariety at a classical point is naturally a quotient the universal deformation ring for
XPK and if we further restrict our eigenvariety (to what we call monodromic) we will see the local
ring as a quotient of the smaller problem XPUNK  Under some extra hypotheses we also deduce
smoothness results of eigenvarieties at classical points.

Throughout this section we will fix an automorphic representation 7 such that:

(a) 7o has regular weight, -

(b) the representation pr : Gg,s — GL,(Q,) defined in Propositionis irreducible (take the
same set S as there), and

(c) mp is unramified and thus p; is crystalline at places v | p.

Fix the place v | p. We assume as well

(d) for w € S such that w is non-split in F, the nilpotent monodromy operator Ny, (p) is zero,
(e) we have chosen an accessible refinement x of the smooth representation m, of GL,(Q))
deduced from the isomorphism G(Q,) =, GL,(Q,), and

(f) the representation p, ‘ Cn is p-regular with respect to the refinement y (see the definition on

page[74)): this corresponds to the condition that if x = x1 - -+ x» then x;(p)x;(p) "' ¢ {1,p}
for all i < j as well as asking that for all ¢ the number x1(p) - - x:i(p) appears once in the

list {x;,(P) - xj.(P): j1 < j2 <--- < Ja} (see the discussion at the end of §5.1.6].

Then, given the data of just (a) and (e) we have, for any idempotent e such that e(7P) # 0 an
eigenvariety X of type e. We fix X now, but remember that implicit is the choice of the idempotent.

The pair (, x) of the representation together with its refinement defines a point z € X(Q,)).

5.3.1. The deformation problems. First, we begin with the formal deformation functor
X, t AR (z) — Set given by

X,.(A) := {deformations py of p. to A} .

Since we have assumed that p, is absolutely irreducible, X, is representable by a complete local
noetherian ring R};gi". We denote by p™V the universal representation.

Let D, = Dyig(p-) be the (¢, I')-module corresponding to the p-adic representation p, , =
pZ’ G, - Gq, — GLn(L(z)). Recall that the formal deformation functors Xp, and X, , are

canonically isomorphic by Lemma [3.2l The choice of the refinement y at the point z defines a
triangulation P, of D,. Indeed, the refinement defines an ordering of the crystalline eigenvalues by
which in turn determines a unique triangulation of D, because z is yp-regular. Recall that

. we defined a subfunctor %Eer’APZ C X,., which parameterized deformations which were

- paraboline with respect to the maximal non-critical parabolization P}¢ of P,, and
- of Kisin-type on each associated graded of P}°.

Since we have assumed that p,, is ¢-regular we know by Lemma W that X;’ji’/}gz is relatively
representable. With this in mind we define

PK . par,A\
%pz = %pz Xxﬁz,v %pz’sz.

8For the reader who is interested: the superscript PK refers to Paraboline and Kisin-type and PUNK refers to
“Paraboline, Unitary, moNodromy and Kisin-type. Actually, the last bit is a lie—the N is just the typical symbol
for mondoromy and PUMK isn’t a word.
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By the relative representability of %Ejrv p. — X,. » and Proposition 3.1/ we have that %EZK is repre-

sentable by a quotient REZK of R},‘?iv. Denote the universal deformation by p¥. Though this only
takes into account the deformation theory at the place v, it already cuts out quite and interesting
ring.

PROPOSITION 5.10. There is a natural surjection RPPZK — (’)El(gz.

ProoF. By Lemma we can lift the representation p, to a representation p : Gpg —
GL,(I'(U,0)) over an affinoid neighborhood U of z. Furthermore, Lemma implies that the
(¢, I')-module D := Dy (p‘ e ) forms a refined family of (¢, I')-modules over U. We freely use the

notation (e.g. the §; and F;) of that lemma as well defining, for a < b, the character
Agp:=0q- - 0p.

Since we assume that p. , is p-regular we know, by Theorem that after shrinking U we can
assume that D has a parabolization P deforming the maximal non-critical paraboliztion P}°. To
fix notation, we let
P:0=P,C Py G- C P, =D.

Denote as well Gry, P = P;, /P;,_,. This is also a refined family of (¢, I')-modules with respect to the
same set of classical points (or at least that many) and the characters d;, ,+1,...,d;,. Moreover,
the point z is still p-regular with respect to this family. Thus, after shrinking U even more, we can
assume, by Lemma that the cohomology groups H? ((A? Gry, P) (A;il +1,;)) (for any possible
k and j) are free of rank one and satisfy base change. Over U then we have embeddings

; -1
Rx (unr(F,_, -+ Fy)) — (N Grp P) (Ai_+14p )-

Notice that since the quotient is projective over the non-critical locus, the base change of this map
is injective at any point. _

Now suppose that I is a co-finite length ideal inside O\®,. From what we have said above, it
follows that:
- D/ID is a paraboline deformation of D, with respect to P} over A/I, and
- Degis(N Gry P/IP(Aik,lﬂ,j‘F)fl)Sa:Fi’“’l“'"Fj is free of rank one (by ¢-regularity) over A/I for

each j =1,...,rank Gry P and for each k =1,...,s.

Thos D/ID defines a point in %'Ip)j:f\Pz (Ogifz /I) for each I. By definition this implies that p ®x
O;%Z /I defines a point of %EZK(O;%Z /'I ). Taking I ranging over all poosibilities we deduce that there
is a unique morphism ¥ : RpPZK — O%8, such that Yo ptX = pax OFF..

The argument that the map is surjective is standard, but we include it for convenience. Since
REZK is compact, it suffices by Proposition to show (’)S&’w(z) [¥(H)] is contained in 19(REzK). The
weight space VW is a disjoint union of polydiscs and we have explicit coordinates

63\%@(2) =Q, [[logp Wiy -y Ing wn].

Then, if k7%, ... kP¥ € REzK are tho Hodge-Tate-Sen weights of pL'¥ we have, by Lemma that
(k™) = log,w; + 1 —i. Thus, Of/lg’w C J(R,X). For the Hecke part of O%?, we are charged
with

(2)

(a) showing that for w € Sy such that 7, is unramified, the elements 1 (z;,,) are in the image
of 9, and
(b) ﬁ(REj{) also contains the elements ¢ (u;,) = F; (for i =0,1,...,n —1).
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If w € Sy and 7y is unramified, then (5.12) shows that all the elements of (a) are in the image of

¥, arising as taking 1 of the characteristic polynomial of pY¥(Frob,,) (which has Rl}?j(—coefﬁcients).

We finally have, by definition, that there are elements FI'X ... FPK in REZK such that for any
co-finite length ideal J C REZK

D (/\i (pEK‘GEU /J) (KK 4 ... HfK))

is free of rank one over REF/J. Taking i = 1,2,...,n we have that 9(F¥) = F;. O

We continue now to further impose deformation conditions at places w € S with w { p. To that
end, we consider a place w € S with w { p. We then have the subfunctor X,, , s C X,,, defined
by the unramified Bloch-Kato condition. Specifically, pa € X,, , r(A) if and only if p A‘ o =

pz‘ In, ®pz) A. It is easy to check that the conditions of Proposition are satisfied and thus

X, w,s is a relatively representable subfunctor of X,, .. Its tangent space is the well-known local
unramified Bloch-Kato Selmer group

tpz,wyf = H}(GEIU ) ad pz,w)
which parameterizes extensions V' of the trivial representation by ad p. ., such that the sequence
0 — (ad pap) /e — VIFw — L(z) — 0

is still exact. We can package this together with the crystalline deformation functors at places
diving p and obtain a relatively representable subfunctor X,,  C X,,. Its Zariski tangent space
t,. s is the global Bloch-Kato Selmer group

(5.14) t, r= H}(GE’S,adpz) = ker (Hl(GE,&adpz) — H HI(GEw,adpz)/H}(GEw,adpz)> .
weS

Continuing on, we also have a subfunctor %gz C X,, given on points by:

x(4) = {pa € X, (A): pi = paln - 1)}

As before, the criterion Proposition makes it clear that this is relatively representable. We now
define a deformation problem J{EPNK C X,, by the fibered product

(5.15) X, UNK X,.

| J

U par,A\
:{Pz X :{pz,v,Pz X HwESP :{PZ,wvf %Pz X xpzm X HwESP %Pz,w‘

Here, SP denotes the set of places w € S such that w { p. The bottom arrow is the natural inclusion
into each coordinate. By what we just explained the subfunctor %EZUNK is relatively representable.
xPUNK

Pz :

We have the following upper bound on the deformation space cut out by It relates a

deformation space of a global Galois representation to the local deformation space.
LEMMA 5.11. The deformation functor X,, r is a subfunctor of%pPzUI\IK and we have an inclusion

PUNK par,A
tpz /tpsz — tpz’v,Pz /tpz,vaf'

PrOOF. Every deformation in tEPNK is unramified in the sense of Bloch-Kato away from p.
Notice that we have not explicitly specified a deformation condition at the place v¢. However, if
pA is a deformation in %Ez then pY ,c = pa(n —1) and any deformation condition at v implicitly
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defines a deformation condition at v“. In particular, a deformation p4 € %}Djz is crystalline at v if
and only if it is crystalline at v¢. The result then follows. O

5.3.2. Towards an R = T result. The question remains whether or not @Ei(gz is naturallyﬂ

cut out by a deformation problem. Notice that the ring REzUNK is naturally a quotient of REZK but

that it is not necessary that the map REZK — @;gz factor through this quotient. In order to make
it so we restrict our eigenvariety slightly.

Recall that the definition of X depended on the choice of an idempotent e € C.(G (A’}),Q). The
choice of our point z and the representation 7 at the start of remains in force. In particular
notice the hypothesis on the monodromy operator of p, at places w € S which are non-split in E.

DEFINITION. A monodromic eigenvariety X for z is one which arises from an idempotent e
such that if e(r") # 0 then Ny (pr') <15, Nuw(pz) for all w.

We should note that monodromic eigenvarieties exist (see the “minimal eigenvarieties” explained
in [5, Example 7.5.1]). In fact, one should perhaps state everything in automorphic terms but as
our study is Galois-theoretic in nature we prefer to state it this way. One of the difficulties that
arise when stating it in terms of automorphic representations is that the notion of monodromy at
places w € S diving a place £ where 7y is ramified and £ is non-split is unclear. In their original work
[5], Bellaiche and Chenevier dealt with this by studying/defining the notion of non-monodromic
principal series representations (see §6.6 of loc. cit.). Such representations fall under our assumption
on Ny (p,) at such places.

On the other hand, at places w € S where w lies above a split prime then the local Langlands
correspondence provides us, for each ' with a Weil-Deligne representation (ry,(7'), Ny (7')). The
relation we have is that r,, (7') = ry (pr) and that Ny (prr) = Ny (7). In particular, if e actually cuts
out all the 7" such that Ny (n') <1, Ny(m) for split w (which is what the minimal eigenvarieties
do) then e defines a monodromic eigenvariety. In any case, we now fix a monodromic eigenvariety
X for the point z. The upshot of controlling the monodromy action is we can prove the following
result.

THEOREM 5.12. Suppose that X is a monodromic eigenvariety for . Then, the natural map
REZK — O;%Z factors through the quotient REZUNK.

PROOF. Recall that we denote by p, the deformation of p, to the completed local ring @;i(gz.
We’ve already shown that this defines a point of REZK and so we need to show that p, satisfies

the other conditions in the definition ([5.15)) of %EZUNK. However, the conjugate self-dual condition
follows from our discussion proceeding Proposition The fact that p, is constant on inertia at
places w € SP follows from Proposition [5.9 O

We immediately use this result to obtain an upper bound on the Zariski tangent space of X at
the point z.

COROLLARY 5.13. Assume that H}(vasjad pz) = (0). Then,

. . par,\
dimtx . <dimt,""p /t,. -

~

PROOF. The surjection RE}JNK —» O;i(gz defines an inclusion tx , — tpPZUNK. The result then
follows by Lemma [5.11] noting the hypothesis. O

It is evidently cut out by some subfunctor, the question is whether or not we can describe it
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Recall that in Chapter |3, we considered a hypothesis (3.15)) on upper bounds for certain Kisin-
type deformation functors. In particular, we can consider (3.15]) for associated gradeds of P}, each
of which is equipped with a fully critical triangulation.

THEOREM 5.14. Assume that the each associated graded of PJ¢ satisfies the hypothesis (3.15))

of Chapter @ Then, the natural map RpPzUNK — @Ei(gz 18 an isomorphism.

Proor. We know in general that dimtx . > n because X is equidimensional of dimension n by
Proposition On the other hand, by Theorem we know that dim tij:j\Pz [to...; < mn. The
hypothesis there is valid because of our assumption on P,. Thus, the previous corollary implies
that we have

n <dimty, <dim ™, /t, ¢ <n,

Pz,v,
forcing equality throughout. In particular, we also have that dim tEZUNK = n (being squeezed in the

middle). General principles (in the deformation theory) then imply that

-~

(5.16) REVNK = [(2)[hy,..., ha] /T — O,
for some ideal I C L(z)[h1,...,h,]. However, since dim @;i(gz = n we see that I = (0) and the map
(5.16) must be an isomorphism. O

We give one example of a smoothness result that can be applied in a vacuum.

COROLLARY 5.15. Suppose that n < 3. Suppose as well that p., is indecomposable and
H}(GE’S, ad p,) = (0). Then, any monodromic eigenvariety X containing z is smooth at z.

PROOF. This follows from Theorem and Proposition [3.40 O

We end now with some general remarks.

REMARK. Note that the condition that p. , be indecomposable in Corollary is independent
of the triangulation P, at the point z = (m, P,). In particular, for a fixed 7 it can be applied to
any refined point z = (m, P,).

REMARK. The hypothesis that H}(G E,5,ad p,) = (0) in each of the above corollaries should be
seen as a technical one. Note that the hypothesis can be checked after making a finite base change
E'/FE since ad p, is a characteristic zero representation. The hypothesis can then be deduced in any
situation where we have available a potential automorphy theorem and the corresponding R = T
result. We note as well that it is conjectured to always be true, and known in almost every case if
dim p, < 2. The reader should see [5, Chapter 5] for a general discussion.

REMARK. Consider Corollary again. By [16, Theorem 4.8] one knows that if z is a non-
critical point then the weight map w : X — W is étale at the point z. Furthermore, the arguments
of [7] can be adapted to the situation of Corollary to show that w is étale at z if and only if
z is non-critical. These arguments, unfortunately, did not make it into this thesis, but they will
appear in future work.

REMARK. A previous study by Bellaiche [2] of critical points on an eigenvariety for U(3) ac-
tually produced non-smooth points, contrary to Corollary Those points, however, all arose
in situations where the global representation p, was decomposable. It still seems unclear what the
precise role the irreducibility of p, plays in smoothness results. The author offers no conjecture.
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